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ABSTRACT: In this paper we will investigate the properties of normality [ottices and their relationsiips Lo zéro-one measures.
We will establish necessany and sufficient conditions for |attices to be normal, These properties are then investigated in the case

o separated lattices.

Lﬂl X be an arbitrary set and < a lattice of subsets of
X, Let A4 bhe the algebra generated by 2, and let
[i) be the set of non-trivial zero-one valued finitely
additive measures on AL L) will denote those s
[{£) that are Z-regular, and J () consists of those u =
1,04 which are countably additive.

We will consider a number of equivalent
characterizations of £ being a normal lamice, We then
associate with ., a lattice W[4 in J%(<). Assuming £ is
disjunctive, # (<) is always a replete lattice. We will give
necessary and sufficient condition for IV,(£) 1o be a prime
complete lattice. Next, we consider the set /() with the
topology of closed sets given by TH () consisting of
arbitrary intersections of sets of W {£). We investigate
this topological space to some extent giving necessary and
sufficient conditions for it to be 75 ; Lindeldf and normal.

The notations and terminology used in this paper are
standard and are consistent with Alexandrov {1937),
Bachman ef af {(1983), Szeto (1979), Wallman (1938) and
Yallaoui (1991). Our work on normal lattices is closely
related to work done in Camache (1991). We begin with
a brief review of some natations and some definitions for
the reader’s convenience,

Definitions and Notations

Let X be an abstract set and let & be the lattice of
subsets of X', We will always assume that  and X are in
£ If A is a subset of X then we will denote the
complementof 4 by A" i.e. A" =X - 4 and if £ is a lattice
of subset of X then " is defined as & '= {L'|L € £}

Lattice Terminology

DEFmITION 12 Let & be a lattice of subsets of X be a

Lartice of subsets of X We say that & is;

I, &-lattice if it is ¢losed under countable intersections,

2. separating or T, if for x.v € X and x# y then there
exists L e Zsuchthatze Land y € [,

3, Hausdorffor T, if for x, y € X and x # y then there
exists 4. e dsuchthatxe A', y€ 5 and
A'nB =0,

4, disjunctive ifforxe XandLe dwherex é L, d4 ¢

£ such thatxedandAnl= 0,

normal if ford. Be dwhere AnB=03A B s

suchthat Ac A", BB andA'nB'= 0,

6. compact if any covering of X by £ sets has a finite
subcovering,

7. countably compact if any countable covering of X by
£ sets has a finite subcovering.

8. £is Linderlsl if any covering of X by 4" sets has a
countable subcovering.

Ly

We let
A(#) = the algchra generated by £,
a{) = the o- algebra generated by 4.
&(«M = the lattice of countable intersections of sets of
.
T = the lattice of arbitrary intersections of sets of
2

Measure Terminology

Let £ be a lattice of subsets of X, then M{Ziwill
denote the set of finite valued bounded finitely additive
measures on A, Clearly since any measure in M{{) can
be written as a difference of two non-negative measures
there is no loss of generality in assuming that the
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medsures are non-negative, and we will assume so
throughout this paper. We will say that a measure u of
ML) 1s regular if for any A = A2, w(d)y= sup  wi)
Led, fesf
M) represents the set of A-regular measures of M,

DEFINITION 2¢

1) A measure u £ M () s said to be g-smooth on &, if for
Liedand L, | O; then wfL.) — 0.

2) A measure u £ M (£) is said 10 be o-smooth on A2,
if for 4, & ALy and 4, | O; then A, ) — 0.

I 15 a lattice of subsets of X, then

M (£} = the set of o-smooth measures on & of M)

ML) = the set of o-smooth measures an <7 of A
()

M () = the set of Z-regular measures of M "(.4)

DEFINITION 30 1T A & A2 and if x £ X then

§ lifxeA
0ifxé A

A= is the measure concentrated at x.

I{<7) 15 the subset of ML) which consist of non-trivial
Zero-one valued measures;

fol ) 15 the set of L-regular measures of /()

I {£) 15 the set of o-smooth measures on £ of /()
F(£Y) is the set of o-smooth measures on A of
(L)

£yl 15 the set of L-regular measures of 1°(4)

DEFNITION 40 1f = M) then we define the support of
gtobe: Slu)= nil e | w(l) =X,
Consequently if u & (&) then S{p) =n{l.e £| w(L)=1}

DEFINITION 5: We say that the lattice 1s:

1} Replete il S{w) # @ forany w e P (L)
2) Prime Complete it 5{u) # 0 for any e /,(4).

We now list a few well known facts which will
enable us to characterize some previously defined

properties in a measure theoretic fashion. The lattice . is:

L. disjunctive if and only i w, € [{£), ¥x = X,

2. Thifand only if S{u) = & or a singleton for any
e [,
3. compact il and only if 87 20 for any woe lld),
4. countably compact if and only if fp () = 1 °4(.£2),
5. Lindelsf it and only if S{z) =0 for any w = 1[0,
6. normal if and only it for any £ [ (£) there exists a

unigue v € Jp{£) such that 4 < von 2,
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Filter and Measure Relationships
Let & be a lattice of subsets of X,
DEFMNITION 6: We say that F= 2 s an 2-filter if:

HeerF
DL loefF=slnt,eFf
NIfLicl;and Lief=s 1, eF

DEFINITION 72 F s said to be a prime £-filter if:

11 F is an 2-filter, and
UL, Ledand Livl,eF=sLeFor iL,eF

Dermmon 8: 11 F is an 2-filter we say that F is an -
ultrafilter it F is a maximal 2-filter.
e ) letF = {Led: u(ly=1}.

PROPOSITION 9:

IVIF e & A&), then F | is an Z-prime filter and conversely
any Z-prime (ller determines an element 1 & A and the
correspondence 1s 4 bijection.

23 W e Ly then F s an L-ultrafilter and conversely
any Z-ultrafilter determines an element & £ £, (<). This
correspondence is also a bijection, F is an Z-ultrafilter if
and only.if € (8,

Separation of Lattices

We are going (o state a few known facts about the
separation of lattices, We will use these results later an in
the paper.

DEFINITION 10: Let &, and £, be two Lattices of subsets of
X. We say that £, separates 2, if for any 4, B,e &, and A,
m B, = 0 then there exists 4, B, & £, such that 4,= 4,
By= B and 4, n B, =0

PROPOSITION 111 Lel £ be a lattice of subset of X Then 4
1s compact if and only if ©¢ is compact, in which case &
separates T.

PrOPOSITION 120 & is Lindelaf if and only if T is
Lindelof and if we further assume that  is also 6 then .
separates T4

The proofs for these propositions are easy and will be
omitted.

THEOREM 13: Suppose &, = £, and 4, separates &
Then ., is normal if and only if &, is normal.
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Proaf:

1. Suppose that &, isnormal and let 4, B, e & 4 n B
= (. Since £, separates £, then thereexist 4 . B e,
such that 4, = 4,, B, < 4, and 4, » B, = 0. Now since £
is normal there exist 4, 8 £ &, = £, such that 4= 4", B, =
Band A'n B =0. Therefore A;c Ajc A B, c B, =B
and 4' n B =0 e 4 is normal.

2. Suppose that £, is normal, Let i & () and assume
that there exist two measures v, T, € Ll and 4 < vy,
py =%, ond, . Letw,,vs and 7; be the respective
extensions of the previous measures. Note that the latter
two  extensions are unigue and belong 1o fiidy).
Furthermore it can be seen that £, separates &, then oy <
woand s < T 0on . However since: . - 15 normal then
v.= T, Therefore v, = 1, and thence £ | is normal.

The Wallman Space

If £ 15 a disjunctive lattice of subsets of an abstract
set X then there 15 & Wallman space associated with it. We
will brieflv review the fundamental properties of this
Wallman space,

For any A in, define Wid) to be Wid) = juwe (&)
=13 1If A, B e AL8) then:

Iy Wid o Bl = WA o BB,

DB TA B =Wid) n WiB),

3} Wid') = WAl

3 Wid) = WeB ifand only if A4 = B,

5) Wrdl = WyB) it and only 1T A4 = B,

6) WAL = AW(L)]

Let W= {W(LY, Le £,

W(£) is a compact lattice. and the topological space [{£)
with closed sets TH{.Z) is a compact T, space called the
Wallman space associated with X and & Since £ is
disjunctive, it will be T, if and only if £ is normal.

In addition to cach w & ML) there corresponds a unigque
e MWL), where G{W(A4)) = ul(Ad) for 4 & & () and
conversely. Also, u € M () if and only if i € M, (W(£).

Since W) is compact so is THL), and W{(<) separates
TW(L) (see proposition 11), Furthermore & = M (W)
has a unique extension 1o & € My (TWLS)) Next we
consider the space J7,(4) and is topology.

DEFINITION 14: Let £ be a disjunctive lattice of subscts of

X, Ledandde £

1 WAL) = (€ P | D) = 13-

N WA =4ue % | wld)=1}.

3) WL ={W,(L) Led} = WL nleld).
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The following properties hold and are not difficult 1o
prove.

ProposiTion 15: Let & be a disjunctive lattice, Then for
AB £ ALY

|y WA U B) = W) u W,iB),

WA Bl =W, (4)n W (B,

W (A') =W, (4),

WA= WyBlifand only if 4 < 8,

5) A7, (£)] = %,[A L),

0) o [W, (] = W, [old)]

For each w € M (&) there corresponds a unique p' & M (W,
(). where &' (WAl = wd) for 4 € AL and
conversely. Furthermore u € M, () if and only if &' €
MWL), and w & M, (£) if and only if &' M, (W2

The lattice W &) is replete and o) with T (L) as the
topology of closed sets 15 disjunctive and T, It will be T,
if we further assume that for-each u & f.£) there exists at
most one v £ () such that 4 = v on £ A proof of the
last statement can be found in Yallaow (19910,

Normal Lattices

PrROPOSITION 16: 2 is normal ifand only if for each L ¢ £
where L= L', u ', and L, L, = £ then there exists 4. 4,
eLsuchthat 4, = L' and A, o L and L= A, v 4;

Proaf,

1. Assume that £isnormaland the £ = L) o L'y Then L
m Ly e Ly =0 orequivalently (Lo L yn{dnl; )=
Since . is normal there exist A,, A. e Zsuchthat Ll
c AyLnlye Aband A n Ay=0.Letd, = LnA
and A-= LA, Clearly A, = L' and 4, = L', Now A, u
=L, ANV LnEY=En (A v A) =LnX=L

2 LetL,rl,=@and L, Lye & Then X=1', u L'y and by
the condition there exist A4, 4, £ £such that A4, = L"), 4,
cllyand 4 uds=X.clearly L, c Ay, Lic Ay and 4|
A = W and thence £ 15 normal,

DEFINITION 17; Let ;& = {0,1} ; m will be called a
premeasure on £ if ©{A) = 1, and 7 is monotonic and
multiplicative ie. m (L, n L) =m (L) nily)lorL L. e
£ T1{.) denotes all such premeasures defined on £, [t can
be easily shown that there 15 a one to one correspondence
between clements of T1(.£) and £-filters,

DEFmITION 18: Let ILd) = {m e TI{{.&H ; if L, v £, = X then
a(L)=1orm(l,) =1} Clearly I, (&) c K& c [(&He
T,

Let 7=iL e La e @ forall 4¢ & such that n{d) =
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I, melie

THEOREM [9: £ is normal if and only if */is an <-
ultrafilter,

Proaf

| Assuming that # is normal we have 1o show that:
{a) @& " which is obvious
(b) Lyl Lie = l,e
(¢) Lidse Jalimie T

We have to show that L, n Lo md =0 forall 4 ¢
£ such that m(4) = 1. Assume atherwise i.c. [, n
Ly A=0forsomeAde.fand 7w (4) = | where
ne ) then (L nd)n (L.rnA)=10. Since £ is
normal, there exist A, 4, = Ssuch that L, n 4 <
Ayplinded ;and A | nAs=0 Clearly 4 u
=X =ad v )=1=nld )=1orw4)
= LI for instance 71(4 )= | then m(d n 4,) = |
and ., nA, n A= which is a contradiction
since L, e 7

Mow assume that 7 c & where (7 is an £
ultratilter. Assume thereexists L e G hut [ € 7]
hence there exists 4 £ . such that 7w {(4) = | but
AnI=0 Howeversince m(A)= | then /. A4 «
@forall Le &&= T {4 e & n(A) ==} which
15 a contradiction. Theretore 7 is an Z-ultrafilter.

()

2. Now assume that 7 35 an Z-ultrafilter. We have to
show that & is normal L.e. if & € /(&) there exists a unique
veldand i < von 2,

Suppose that there exist v, v. & (@ and i < v e < voon

7.

Let Fo={lediwl)=1}and 7 =
for all A £ £ such that w(4) = 1}
“and Fy, are ultrafilters and we have u < Vi, =¥ F,. =
f11i=> ?‘r_ -I?"'i = L="Th for { =
She= ?1-‘:

Furthermore we have that Fy, <

fLed: L nd+Q

|.2. Therefore °] =

v and hence “] = Fy,
= Fv, . Finally since all the ultrafilters are equal we get
that v, = v. which proves that £ is normal,

Let u € Iy £). Define for any E e X, u((£) = inf w(l").

Ecl'les
Then it is easily seen that z is a finitely subadditive outer
measure.

PROPOSITION 200 £ is normal if and only if
K ={Led: u(l)=1} isaprime 4-filter,

Proof:
Suppose £ is normal. If L, L, £ Kthien w(L,)= w(L,) = 1.
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Now if w(l, L:)=0then there exists 4 € & such that [,
Ndyc A and w (4" )=0. But then L, = L, = ', and since
£ 1s normal, by propesition 16, we have A = A4 | u A,
whered | d,ed 4, el ,andd,= L', Now u(d) =
I then w4} = | or wi4,) = 1. If for instance wi4,) = |,
then w4’y = 0 which is a contradiction since & = A and
E{‘[I] =]

Thusdy, &y = Kimplies L, n Ly e K.

The converse of the proof is casy and left to reader,

THEOREM 21. Let m £ [ILZ). Then = € 1) if and only if
there exists v £ I such that v ; T

Proaf:

Suppose me (& )and let7 = L' e &' w(L)=0!

0 ¢ 7 and % has the finite intersection property. The
mtersection of elements of 2 form an & -filter base. Now
assume that % = ¢ and & s £ ~ultrafilter. Then & ~ p
£ f( £7) and therefare v & /(). and if m (L) = 0 then L'
e G =p(Ll')=1|=p(l)=0 Hence p < mon 4 and
therefore Sv e [ suchthatv=p < mon 4

The second part of the proof is easy and is omitted,

Let@cd XeFandilfL, Le® thenl, UL, e®
Consider the set of all -filters Ge that exclude &, (1.e.
G = Q) We partially order (¢ by set  inclusion,
Since (X% 1s an A-Nlter that exclude #, then there exists
al least one (fe, Furthermore, since {Ge . =} is a partial
ordering, which is an inductive ordering then by Zomn’s
letmma there must exist a maximal element. Let (7 be this
maximal element so that (7 = max { (o where Ga are 4-
filters that exclude #land ¢ #0.

THEOREM 22, (7 is a prime Z-filter,

Proaf:

(s is certainly an & filter.

Let 4w B € (7 where 4, B £ £ We have to show that A &
1 or B c (5. Assume otherwise: that is 4, B ¢ (7. Suppose
that 5 F e Gsuchthat A n F,=Wthen F,n (A u B (&
={fnAlu i nBY=F ynBel;=HRec G whichisa
contradiction and we may now assume that 4~ F = B and
BnfF «@forall Fe (.

Let */, be the filter generated by all {4 n F | F = GY.
Sinced € Tand 4 € G =G =7, similarly let 7, be
the filter generated by all (B | Fe G}, G= 7, So
there exists H, e & H, £ 7 suchthat4 n K/ n H, for
some I, e (7. Similarly there exists /1, e &, H, ¢ “.such
that AnF.c Hyforsome F, € (5.

Let FinF=Fthen HuoH,s(AnF)u(BnF)> (4
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AF)U(BAF ) =H, uH,3(AuBnF, G.
However since H, © H, £ % we have a contradiction.
Thus 4 € G or B e (G or equivalently (7 is a prime filter

and so (7 =y & ).
Al

T e ENL)

COROLLARY 23 Let T € [1{.&) then 7t = L

Proof:

Let f be the #filter representing w i.e. F= {L e .4 n(L)

= 1}. Let G, be the prime £-filter representing ., so that

G.={Lesd w(l)=1)

Clearly F < n (7.. We have to show that Fo ﬂ G,
FeG, Fedr,

Assume that there exists 4 € £ and A € G for all & but

A¢ Flet®=Athen A# X je X &€ %

Let (7 be a maximal Z-filter containing F and excluding
2
From the previous theorem, (¢ is a prime Z-filterand 4 &
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(5, which is a contradiction; since 4 belongs to all prime

£ filters that contain F. Therefore F= < ﬂ (., and
hencew £ 11 Fetr,

(&) Thus m=
T gl £ 1)

i
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