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ABSTRACT: A new, non-iteristive technique for synthesizing equispaced linear arrays with symmetric excitation is proposed
The method 15 based on the computation of an cigenvector of an appropriare real, symmetric and posiive-definite mamx. This
techmque cun be wsed 10 determme, given o complete description of the desired radiation patterm, the array excitation
coefficients. These denved excitations will produce, either exactly or approximately, the wanted antenna radiation pattem
depending on i1s complexity and the number of amay ¢lements A number of design examples are presented to illustrate the

practicality and the potential of the proposed method

The objective of antenna array synthesis s to find the
antenna configuration m addition to the excitaton
distribution to achieve desired characteristics in the
antenna radiation pattern; such as & prescribed beam
patiern response, nulls i specified direcuions, ete. The
problem of synthesizmg a linear arrav 1o achieve a desired
radiation patiern (beam shaping) has received extensive
treatment in the literature (Lo and Lee, 1988 and Rudge
gt al., 1986). The elassical techmgues include the Founer
methed (Balanis, 1982) in which a given rediation pattern
is approximated by a Fourier partial sum and the
Woodward sampling method (Balanis, 1982, and Lee and
Mostafavi, 1996) in which the synthesized radiation
pattern 15 achieved by sampling the desired pattern at
specified points. Numerous other synthesis techmagues
exist such as the iterative samplmg method (Swtzman,
1971) or the iterative optimization method (Shpak and
Antoniou, 1992), This paper presents a new approach to
hnear array shaped synthesis. The underlying techmgue
follows closely that used m the design of linear-phase

E= [[D(®)- A, 8] 8

R
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where D(8) is the desired radiation pattern, A(D) 1s the
synthesized array factor, B is the angle measured from the
linear array axis (see Fig. (1)), and R 1s the visible region
of the antenna for which 0=B<x (or -n/2 <8 < 7/2).

By mumimizing E, the excttation coefficients of the A(8)
can be determined. The main disadvantage of the
formulation in Eq.(1) is that the resulting error is small in
an average sense and not at particular locations on the
antenna radiation pattern. To' circumvent this, a
weighting function can be introduced in the integrand of

Eq.(l). Thus

E= J-m'ﬁr [D(8) - A, rBJ]: dé
R
()
where a(B) 15 some positive weighting function.

E given by Egs.(l) and (2) can be reformulated in
quadratic form as follows

E=a'Pa (3)



SYNTHESIS OF A UNIFORMLY SPACED LINEAR ANTENNA ARRAY

1]
=
L
;;"

[ N NN
—y

"
iy

e

i

1

oGO O — O

o
i

-

Th

ay

(b)

Figure 1. Geametry of the N-clement linear array positioned symmetrically along the z-axis; (3) even number of elements, N=2M
b ¥p ¥ b g

ib) odd number of elements, N =2M+1.

where a 1s'a real vector representing the synthesized
excitation coefficients, a' 15 the transpose of aand Pisa
real symmetric and positive-definite matrix whose
elements are dependent on the desired radiation pattern.
In aceordance with Rayleigh principle {Noble and Danel,
1988), the eigenvector corresponding to the least
eigenvalue of P minimizes E. The elements of the
corresponding eigenvector yield the wanted exciation
coefficients,

The synthesis method deseribed here differs from
earher approaches. The Fourier and Woodward beam
shaping techniques are inflexible in that it the desired
pattern is not achieved, nothing can be done other than to
increase the number of array elements, An iterative
procedure 13 followed in Stutzman (1971}, which is not
the case here. In Sphak and Antoniou (1992), the
formulation of the method of synthesis varies as to
whether side lobe levels, the beamwidth or nulls are
specified. The eigen approach adopted here is general and
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can incorporate any of the above. In the proposed
method, the weighting function ¢an be chosen such as to
emphasize the parts of the radiation pattern that have to be
synthesized 102 high degree of accuracy,

In this paper the simplicity and versatility of the
proposed eigen approach for the design of uniformly
spaced linear array antennas with symmetne excitation
shall be demonstrated. In Section 1T we formulate the
new approach. The design algorithm 1s given in Section
1. Numencal design examples are incorporated n
Seetion TV, Finally, concluding remarks are embodied in
Section V,

Problem Formulation

Consider a linear array of N equally spaced elements
as illustrated in Fig: | with non-umform excitations.
Assuming & symmetrical amplitude excitation about the
centre of the array, the array factor for even and odd
number of elements can be expressed as
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where 8 1s the angle measured from the array axis, A 1s
the wavelength, d is the element spacing, and a_ is the
excitation of the nth element on either side of the array
midpoint.

If the desired array [actor 15 D{B), the least-squares
method requires formulating an error
function E given by Eq.(1) or (2).

The parameters a, appearing m Eq.(4) are determined by
mimmizing E. The approach adopted s to formulate E in
such a way that the coefficients a, can be denved from an
eigenvector of a real, symmetnic and positive-definite
matrix. This 15 done by reformulating Eq.(2) mn a
quadratic form as given by Eqi3), The egenvector
corresponding to the smallest eigenvalue of this matrix
minimizes E in accordance with Rayleigh principle

M{even) = 2M (da)

N{odd) =2M +1 (4b)

or
elB)=[1 2cos(2u) .. Zeos({2M}u)]Y, (N odd) (6b)
where u={mnd/d)cosh (Bc)

The expression for the array factor can be written in the
matrix form as

Al =a'e(@) =c'(0)a {7)

The error can now be written as

] e 11 pie 1.
(Noble and Daniel, 1988). The elements of this F=a JJ 20 e(ll, ) —elt) —{"}'C{HU} ~off) | dbtpa
. - 7| Dio, . D(O,)
eigenvector give the excitation coefficients. L b - - .
Define (8)
A= [8y 8, o8y 2]ty (N even) (5a) As 15 ¢vident m Eq.(8), a normalized factor
(8.0 D(8,) for which D{O.) » 0 has been added to the
or desired radiation pattern such that the actual value of the
pattern at the reference angle 0, in the radiation pattern 1s
a=[a,a .8, ay]'s (N odd) (5b) exactly equal to the desired value. Doing this facilitates
the writing of E as a quadratic form in a and will lead to
and the eigen formulation E = a'Pa. In this paper, 8, 15 chosen
1o equal 7/2. This is imposed by the symmetry of the
e(B) = [cos(u) cos(3u) .. cos({2ZM-11u|",  (Neven) excitation. Thus the radiation patlerns that have to be
synthesized by necessity have to be symmetric about /2,
(Ba) The elements of the matrix P are given by
pin, mj) =
Do) 1 Doy ‘
———co3{(Zn +1)u }-cos{(2Zn +1u cos{(Zm +1u, }—cos{(2m +1ju} | d8  (Ya
”J__Dwu {(2n +1)u )= cosf@n +u | | To=Seost(@m + n,) —cos{(2m +1)u) 9a)
< For N e¢ven
j A9 cos{(Znju _}—cos{(Zn)u} s) cos{d{mju  } —cos{2(m)u} | dB {9h)
:D(,) (9,) I
For N odd
where  u, = T—EE cos(B,) and
A
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In Eq.(9) 0s nm <M-1 for N evenand 0z nom =M for N
odd. Thus P 1s a real, symmetric, positive-definite matrix
whose order 1s MxM for N even and (M+1x(M+1) for N
odd, The integrals in the right side of Eq.(9). in general,
cannot be expressed in closed form. Thusa numerical
method 15 usually required.

The above formulation assumes that D(O) is
described by a single function in the region 0<8<n. To
generalize it, let us assume that 0<B<m iz divided into k
subregions such that;

D, (6) 0=0=48,
D.(6) B <628,
D(B) =
(10)
D, (8) B, =B=smx
The total error in this case 15 given by
B = By +oEy +o it ek (11)
where
[#,7 ]
A Dy [X8)
g =a] || 2 "_“1 PO 0,)-c0) | 0
) J oo, 04O [neuf{ =@ "
(12)

and the quantities ¢, represent the weighting factors that
control the relative accuracy in the different subregions,
This 15 @ usefu) formulation when the desired pattern
cannot be exactly synthesized. By varying the weighting
factors, the pattern 1 the region of interest can be
achieved. The numerical ¢xamples in the subsequent
section illustrate this principle. It must be pointed out that
the functions must be symmetrical about m/2 since we are
considering symmetnic amphtude excitation about 8, =
n/2. (If R is chosen to be represented by -m/2<8 <n/2,
then 8 =} and D(0) has to be symmetri¢ about §.=10.)

Design Algorithm

For synthesizing linear array antenhas to meet a
prescribed radiation pattern requirement using the
formulation developed in the preceding section, the
followng steps can be followed to determine the optimal
excitation coefficients 1n the minimal least squares sense.

Step 1: Specify the desired radiation pattern D{) and the
corresponding weighting factors a.

Step 20 Seta value for N, the number of elements in the
array,

Step 3: Compute the elements of matrix P using Eq.(9).

Step 4: Determime the smallest eigenvalue of the matrix
F,

Step 5: Deduce the eigenvector corresponding 1o this
eigenvalue. The elements of this vector represent
the excitation c¢oefficients a, that appear in
Eq.(4).

Step 6: Plot. D(0) and A(0) by substituting for the
values of a, obtained in Step § in Eq.(4),

Step 7. Decide whether the design enteria have been
met. If not, continue as follow,

Step & Increase N or modify the weighting factors.

Step 9: Repeat Steps 1 to 8 until the specifications have

been achieved within an acceptable tolerance.
Design Examples

A number of examples will be considered in this
section to demonstrate the practicality and the potential of
the proposed methaod.

AL SYNTHESIS OF A SECTOR PATTERN: The desired pattern
15 defined by

for 457 2 B2 135°

otherwise

1
Dify=+ °
22 o,

The desired pattern is synthesized using a 12-¢lement
array spaced half a wavelength apart using different
weighting factors. The outcome of this synthesis process
is displayved in Fig. 2. The npples and the overshoots in
the region of interest (45°<B< 1357) are obvious when
equal weighting factors are used 1.¢. ¢,~¢; represented by
the solid curve (a, is the weighting factor of the Mat
topped part and e, is that of the zero part). To control the
amphtude of the ripples to any specified level, the
weighting factors can be chosen to acheve that. Fig. (2)
shows two cases where =0 lg, (dotted curve) and
o, =0.01a, (dashed curve). However, as 13 apparent from
the figure, these reductions in the ripples amplitude are
achieved at the expense of increasing the beamwadth and
side lobe level, The excitation ¢oefficients for the three
cases considered are shown in Table 1.
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Figure 2. Sector pattern for a 12-element array with half a wavelength inter element spacings obtained using different weighting
factors (e for the flat-topped part and @, for the zero part). The solid curve represents the pattern obtamed with equal weights ie,

g

e, the dotied curve with o= 0.1a, and the dashed curve with e, = 1.014a,.

TABLE 1

Excirarions for a sector aniennd.

Wiighting

Fagtors a.

o e a, a, a, a ay i,

] I 1 0,063 -0:142 0157 -053 0052
0.1 | 1 0,138 -0.085 0.136 110 044
0.01 1 1 0,195 -0.009 0.072 -0076 042

B, ARRAY WITH SPECIFIED MAIN LOBE WIDTH: The mam
lobe parameters that are specified are the half power
beamwidth (HPBW) and the first null beamwidth
(FNBW).Since this means that only four points through
which the mam lobe has to pass are known, there are
infimte number of funciions that can achueve this. Forour
case we have delined D(8) as follows;

and @, are the weighting factors (0 is in radians in
equations for D,(0) and 1.(8)).

A 1 2-element array was chosen to synthesize the above
pattern with clements spaced A/2 apart for different
welghting factors. Fig 3a is a plot of the case where equal
weighting factors were used (a,=e,=0,). The solid curve
shows the synthesized pattern and the dashed curve the
desired pattern. With equal weights, the main lobe
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; .
&y D (8) OEBE%_%
@, D, (8) n_FNBW _, = HPBW
SR 5 - : .
T ! W
D(6) =4 a,D,(8) r . HPBW g < 1, HPBW
: 5 : : :
i 1\;";" 7 T ‘iII:"
D, (0) By BN g B BEE
' 2 2 2 5
U‘IDI{H:I E—e— FNBW < B < 2n
L Z Z
where
D,(8) =0
,-1— TR b |
D) () = i [ .=
FNBW - HPBW | ] 2!_
-nf' e_% '-,I_!
D8y = eps | —| —=—
_1': }' ci 5 t HPRW
#id
deviates from the desired pattern. To minimze this
TABLE 2

deviation, the weighting factors were chosen such
e,=0.001 &, and &, = e ;. The resulting plot is given in
Fig 3b. A comparison between the two plots reveals that
the side lobe level has increased from -28dB to -16dB.
This means that a compromise has 10 be struck between
synthesizing the main lobe precisely and the acceptable
side lobe level, The excitation coefficients obtained are
shown in Table 2. To  lower this sidelobe even further,
the antenna can be synthesised using more elements. The
synthesised pattern of a 36-element array is shown in
Fig 3¢ for e, = 0001 &, and @, = «,. The excitations
coefficients are given in Table 3. As noted from this
figure, the sidelobe level 1s now down to -23dB.

Excitations for an antenna with specified HPEW af 207 and

FNBW of 407 (N=12}h

Weighting Factors B
i, i, i, B i) i 3 gy i
l | L i OR00 D434 DolR8 D017 JO06R
ool I 1 058 Des? QT ARTSD g2l

Normalised Array Factor {dI3)
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T2

~i—

Normalised Array Factor (d13)

Normalised Array Factor {(dD3)
= .'12".

Figure }. Synthesized radiation pattern of a lincar array spaced A/2 apart with a specified HPBW of 20 and FNBW of 407 using
differcnt weighting factors, (a) W=12, a,=,~a, (b) N=12, 0, =0.001e, and e.=e, () N=36 «,=0.001e, and e;=a: The solid curves
represents the synthesized patterns and the dashed corves the desired one,

TABLE 3

Excirations for an antenna with specified HPBW of 20° and FNBW of 40° (N=36, ¢, = .00 ¢, o= e, =1}

a, g 3, a, A, i a; g, ay
1.000 0.812 0.507 0196 -0.016 0087 -0:051 00101 0.035
s 10 By A4 a, g &s O aj
0.012 -0L018 -0.020 00035 0.020 .09 -0.012 -0.009 0005
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TABLE 4
Excitations for a sector antenna with specified broad nulls at 50° <0< 55° and 125°<0130".
Weighting i,
Factors '
o, oy 153 oy n dy iy dsy dy g
] l 01 0.1 1 0800 0.489 0187 0.009 -.043
0001 l I ] 1 0.941 0.539 .223 086 -0.073
— T 1 1 I T T T T
= |
2
=
=
:1
e |
= ;
2 i
T : -
E [ :
= v
= L]
% :
| A /I-\ /\ I [ (\ [I\\ £h
& i &0 &0 | L] 13 |41 163 | B
B2
T I T I T T T T
% -
=
d
..-_l: —
=
2
=
E
S
i
| ]
14 148 511

Figure 4. Synthesized radiation pattern of a 12-element array spaced A2 apart with a specified HPBW of 20° and FNBW of 40°
and broad nulls of 57 at 50°<B<55" and 12575021307 using different weighting factors. (a) ey=e; and e, =010, (b) e, =0.001 e,
and a,=a,=a,. The solid curves represent the synthesized patterns and the dashed curves the desired one,

C. ARRAY WITH SPECTFIED BROAD NULLS: An array of 12
elements s synthesized based on the following
parameters: HPBW=20", FNBW=40" and broad nulls of
5°a150° £B<55% and 1257 2B 130°, D{8) 15 as defined
below,

54

Figs 4a and 4b display the synthesis results for different
weighting factors. Fig.(4a) is the outcome of using &=,

and o,=a,=0.1 @, 1 .e. the emphasis is on the nulls and
side lobe level,
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[ a,D,(8)
o, D, (0)
oD, (8)
D(0) =1 «,D,(6)
., (0)
a, D, ()
| &,D,(8)
where
D 0)=0
. 2
B = e - oA {
I-E“' B—;
D.(8)=cos| —| ——=—
2| HFBW
L Fi

It 1s apparent that the maimn lobe 15 not exactly synthesized
according to the design specifications although the nulls
are achieved. The side lobe level here 15 -32 dB. [f it 15
required to mimimize the deviation between the specified
paltern and the synthesised pattern, the weighting factors
can be chosen to achieve that. Fig.(4b) depicts the
synthesized results with ¢,=0.001 and a,=a,=a,=1. Il1s
evident that the main lobe is synthesized to a high degree
of accuracy and the broad nulls are at a level below -43
dB. However, these are attained at the expense of an
increase in the side lobe Tevel which is now at -19 dB (as
opposed to -32 dB n Fip. (4a)). The weighting factors
used and the resulting excitation coefficients are given in
Table 4. This example yet again illustrates the flexibility
of the proposed method.

Conclusions

A simple, non-iterative method for the synthesis ol a
uniformly spaced lincar array with equal phase and
symmetric amplitude excitation has been presented in this
paper.  This technique is based on formulating the
synthesis process as a least-squares optinuization problem.
It then entails computing the least ¢igenvalue of a
symmetric, positive definite matrix whose elements
depend on the design requirements. The corresponding
eigenvector yields the required element excitations.

" <0 <50"and 557 =8 <7

50°
70
8O-

<055
=g <80
=08 =100°

100" <8 <1107

ENBW

2
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1257 <0 £ 1307
LI <8 =125 and

1307 <0< 180"

Diesign examples presented have shown the effectiveness
and flexibility of this method in lincar antenna array
shaped beam svnthesis,
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