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ABSTRACT : In this paper the flow generated by a rotlet in the presence of a circular cylinder is considered. We
introduce a transformation which simplifies the equations and boundary conditions. We use the finite-difference
method to obtain results in excellent agreement with all the available analytical results. Results are presented for

Reynolds numbers, based on the diameter of the cylinder, in the range 0 < Re <20 and the rotational
parameter, ¢, in the range 0 < @ < 3 and strength of rotlet, /7, in the range 0 < F < 3. The results are
found to be applicable over a wide range of values of & and ,6' . The calculated values of the drag, lift and

moment coefficients and the general nature of the streamline patterns are in good agreement with analytical
results . The method is then utilized to obtain new results for which no analytical solution is possible.
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study has been made of the flow generated by rotating a circular cylinder within a uniform
stream of viscous fluid in the presence of a line rotlet. With the origin of the coordinates

coinciding with the centre of the cylinder, the polar coordinate system (r, 9 ) has the boundary of the
cylinder at 7= a and the position of the rotlet at (c* 3/ 2), as shown in Figure 1. There are four
basic parameters that occur in this problem, namely the Reynolds number, defined as Re =2a U /v,
the rotational parameter & =aw@,/U, the non-dimensional length ¢=c¢"/a and the non-
dimensional strength of the rotlet f =1/Ua, where v is the coefficient of kinematic viscosity of
the fluid, U the uperturbed main stream speed (the stream at infinity is assumed to flow parallel to
the x -axis in the positive x direction), @ ,the angular velocity of the cylinder and I the strength of

the rotlet. At zero Reynolds number the governing equation is the biharmonic equation. In the
absence of rotlet no solution of this equation, which satisfies both the boundary conditions on the
cylinder and at infinity, is possible. This arises because it is necessary to maintain in the solution a
term of the form r ln(r)sin(lg) in order for both the velocity components on the rotating cylinder to

be satisfied. However, although a solution retaining such a term is obviously valid at points not too
far away from the cylinder such a solution deteriorates as one moves further away. As such this
solution fails to satisfy the boundary condition at infinity, with the exact multiple of the unwanted
term at infinity remaining undetermined. This unknown constant can be established by treating the
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solution of the problem as the approximation to the inner flow past the circular cylinder as the
Reynolds number tends to zero. Then matching with the solution as obtained from the outer region
where the first approximation to the Navier Stokes equations are the Oseen equations. Full details
regarding these expansions and matching procedure can be found in Proudman and Pearson (1957).
Basically what this means is that the uniform flow past a circular cylinder is not a well- posed Stokes
problem. In fact, at zero Reynolds number the problem is singular.
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Figure 1. The geometry of the circular cylinder and the position of the rotlet

However, the introduction of the rotlet , strength I' = Uc” so that £ = ¢, into the flow field at

any given distance ¢’ along the negative y -axis, allows a solution to be obtained. Analytical

solutions to this problem have been obtained by Dorrepaal et al (1984). Their work examines the
flows generated in a fluid by the introduction of a line singularity, such as a stokeslet or rotlet, in the
presence of a circular cylinder and shows that a phenomenon analogous to the Stokes paradox exists
in those flows with a uniform stream far from the cylinder. As a consequence, the uniform streaming
flow past a circular cylinder, when a line stokeslet or rotlet of certain strength is present, is a well-
posed problem in Stokes flow.

The solutions by Dorrepaal et al. (1984) employed an image type approach, plus a clever and
simplistic deduction, which enabled the result to be constructed devoid of most of the analysis.
However, the present work has established the same solution by using a Fourier Series approach and
has confirmed this numerically by the application of a modification to the Boundary Element Method.
The latter appears to provide an approach for the solution of the biharmonic equation, which requires
only the position of the singularity, plus the physical values of the drag, lift and the moment on the
circular cylinder to be known. In addition, it seems capable of being extended to accommodate the
presence of several different bodies as well as allowing more complex shapes for which an analytical
solution is impossible. It is intended to show that the presence of a rotlet in a uniform flow at non-
zero Reynolds number allows an otherwise singular problem to become well-posed as the Reynolds
number becomes zero.

The main aim of this paper is to solve numerically the Navier-Stokes equations for steady, two-
dimensional, incompressible viscous fluid flow past a rotating circular cylinder of radius a in the

presence of a rotlet of strength I" which is located at the point (r, 3) = (c* Ry 2),0* >a. Atlarge

distances from the cylinder it is assumed that there is a uniform flow of speed U which is parallel to
the negative x -axis. Initially the strength of a rotlet is set to zero and the problem solved with
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Reynolds numbers 5 and 20. The results are in very good agreement with those obtained by Dennis
and Chang (1970) and Fornberg (1980). Using this as an initial estimate of the solution when a line
singularity is present an iterative technique is developed in order to solve the problem when a rotlet,

at (c*,37z/ 2), of small strength is introduced into the flow. As the drag, lift and moment on the

circular cylinder are the most important physical quantities, as well as being easy to measure
experimentally, see Fornberg (1980), particular attention has been paid to these quantities in this
work.

Having established the numerical procedure the Reynolds number is decreased towards zero
whilst continuing to solve over a range of non-dimensional strengths of the rotlet, namely
0 < S <3.5. The question that needs to be answered is whether as Re approaches zero the value of
the parameter £ would tend to that unique value obtained by Dorrepaal et al. (1984) in their

analytical solution.
Basic Equations and Boundary Conditions

The origin of the coordinate system is fixed at the centre of the circular cylinder of radius a
and the positive x -axis taken in the same direction as that of the uniform flow at large distances from

the cylinder. Polar coordinates (r, 19) are chosen such that ¢ = 0 coincides with the positive x -axis,

x=rcos(9) and y = rsin(9) (2.1)

A line rotlet of strength I is located at the point 7 =c¢*,$=37/2, where ¢* > a. The steady

flow of an incompressible fluid in a fixed two-dimensional Cartesian frame of reference can be
described by the equations,

(u .V)u = _—1Vp +vViu, (2.2)
P
V-u=0, (2.3)

where u,p, p and v are the velocity, density, pressure and the kinematics viscosity of the fluid,
respectively. Applying the curl operator to the two-dimensional equation (2.2) produces

(u-V)o =vVie, (2.4)

where ® =VXu.

In two-dimensional motion the polar resolutes of u# can be expressed in terms of the streamfunction
Y by

1 o0¥ oY
v, =——, -
r 09 or

where v, and vg are the velocity components in the r and & directions, respectively. By

Vg = (2.5)

introducing the dimensionless variables

x' =xla , urzu/U, VY'=¥/Ua, and o' =wa/U, (2.6)

then the governing equations in non-dimensional form become
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Vi = —ReM 2.7)
o(x,y")
V¥ = —w, (2.8)

where @' and W' are the non-dimensional scalar vorticity and streamfunction, respectively. For
convenience the accent will from now on be ignored. It is required to solve equations (2.7) and (2.8)
subject to the no-slip conditions imposed by the circular cylinder, namely

Y =0, aa—\{l:—a’ onr=10<9<2rx, (2.9)
r

and the boundary conditions at large distances from the cylinder

86_‘11 — —sin(S), 1o¥ - cos(&) as r > 0,0 <9< 27, (2.10)
r r

In the presence of a line rotlet the streamfunction behaves as

\PE—ﬂlan as Rl -0, (2.11)
where R; measures the distance from the rotlet and is thus given by

1
R = (rz +c? +2rc sin(S))A, (2.12)

where (c,37z/ 2) is the position of the rotlet. In the above definition of the streamfunction the signs

appearing in the expressions in (2.5) are the opposite to those given by Dorrepaal et al. (1984) but
follow those adopted by Fornberg (1980) since it is a comparison with their results at non-zero Reynolds
number that is to be undertaken. For numerical convenience the perturbation streamfunction WV is
introduced as

w="Y-y-pV, (2.13)

1
where V' = ln(r2 +c? +2rc sin(S))A with c=¢" /a and B =T/(Ua) being two non-dimensional
parameters. Expansion (2.13) has been taken so that ¥ — 0 as » — 0. If the parameter £ =0 the

problem reduces to that solved by Fornberg (1980). However, with the Reynolds number equal to zero
and the parameter £ =c the situation is that studied by Dorrepaal et al. (1984) except that the

geometry in the present case corresponds to a rotation through 77 /2 of their flow pattern. Hence, their

ES
stream is flowing along the negative y -axis with their rotlet at (c ,0), whereas in the present geometry

the stream flows along the negative x -axis with the rotlet at (c*,37z/ 2). Using expression (2.13) in
equations (2.7) and (2.8) gives

09

2 2 .
0'w 100 10’0 _  Re &p@(z)_(’?(z)c’%e)j_Re 00 in(9)+ 5 r+csin(9)
or*  ror r*o9’ 2r\ or 08 0% or) 2r r’+c’ +2rcsin(3)
+E oo rcos(9)+ B rccos(l9).

2r | or r?+c? +2resin(9)

(2.14)
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o’y +181//+L61//2 _ (2.15)
or? ror  r? 09?

b

respectively. The boundary conditions (2.9) and (2.10) are then expressed in the form

w = —sin(@)- Bin(l+c? +csin(9)f on r=10<9<2r, (2. 16)
W o gsin()-pf ) ) o C0can, @)
or 1+¢* +2csin(9)
a—(0:18—@—)0 asr oo, 0<9<2rx. (2.18)
or ro9

Filon (1926) showed that in the absence of any rotlet the asymptotic form for the dimensional
streamfunction at large distances from the cylinder and outside the wake region is given by

C, ln(r/a)+CD(19—7z)
27 2

t//~rsin(3)+ , as r—o, 0<8<2r, (2.19)

where C, =L/ (pU 2a> and C, =D/ (pU 2a), L and D being the lift and drag on the cylinder.

Imai (1951) found higher—order terms in this streamsfunction expansion and showed how the
coefficients relate to the moment on the cylinder. In the case of zero Reynolds number no solution of

the equation V*W =0 which matches the free stream condition at infinity and satisfies the boundary
condition on 7 =1 is possible. The solution, which satisfies the no slip condition on the cylinder and
tends to infinity most slowly as » — o0 is

w ~ Asin($)rIn(r)-r/2+1/(2r)] (2.20)

This has been obtained by discarding the term involving 7°. The non-dimensional drag is directly
related to the coefficient A, via the expression 474 , but the solution suffers from the defect that it does

not determine the value of the constant 4. The neglected inertial terms are of the order ((A)2 ln(r))/ r’
whilst the viscous forces are of the order A4/ (RerS) and these terms are of comparable order when

ARe r(ln(r))/ a= O(l). Hence, the Stokes solution should not be expected to be valid beyond a value

given by this expression. That is why the Stokes solution may be an adequate representation of the
fluid flow relatively close to the cylinder but cannot represent a uniform approximation to the total
velocity distribution. However, it is possible to write the Stokes solution in the form

v = A[(— rln(f(Re))+ rln(rf(Re)))— r/2+ 1/(2r)]sin(9), (2.21)

where f (Re) is an arbitrary function of Re. For f (Re) <<1 and 7f (Re) of order unity, the
dominant term is — A(In(#(Re)))rsin(&). If this is to represent the external flow, namely a uniform
stream Ursin(19), then one must set A4 =—1/ln( f (Re)). By substituting this value of 4 and
r=1/f (Re)into ARe r(ln(r))/ a , one obtains

Re/ f(Re)~0(1). (2.22)
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So for f (Re) = Re the Stokes solution leads to a uniform stream of order unity in that region where
the Stokes equation ceases to be valid. This suggests that for small Reynolds numbers the external
uniform stream condition is reached before the Stokes approximation breaks down, so that the Stokes
flow represents the solution in the inner region near the cylinder but the outer flow requires the
introduction on an Oseen variable and the procedure involves the matching of the inner and outer
expansions. This matching process leads to the obvious linkage between the coefficients of the terms in
Oseen’s expansion in the outer region, closely related to Filon’s expansion with those from the Stokes
solution in the inner region. Hence, the appropriate value of 4 can be obtained, as already indicated
from the solution in the outer region. Any similar term in a Stokes expansion, such as Br ln(r)cos(lg)
term in the streamfunction expansion, has its coefficient similarly related to the lift. Solutions of the
Stokes equation represented by the form f (r)sin(&') or g(r)sin(&') fail to produce any moment

contribution, but it can easily be seen that the solution of V*¥ =0 which has a non-zero moment
arises from the ln(r /a ) term. Using these results, it is possible from the Stokes expansion far from the
cylinder to establish both the force and the moment on the cylinder. The Stokes solution produced by
Dorrepaaal et al (1984) is able to immediately produce the drag, lift and moment on the circular
cylinder from its expansion at large distances from the cylinder; although the contribution from the
singularity at the rotlet must first be removed from the coefficient of the ln(r/ a) term before it
represents the moment on the cylinder.

Since the streamfunction and vorticity equations are both elliptical in nature we should supply one
condition for each of the variables rather than use directly conditions (2.16), (2.17) and (2.18). It has
been reported by Fornberg (1980, 1985), that the choice of the boundary condition for the vorticity, @,
is not as sensitive as that for the streamfunction, {, and many authors have paid particular attention to

the boundary condition for ¥ at large distances from the cylinder.

/:\
[}
£=1] L 4
[(£,0) = f(&.4) F(E.4) = £(£,0)
®(£,0) = o (&,4) ®(£,4) =0 (£,0)
e >

Figure 2. The geometry of the solution domain.

In this work a new numerical technique is introduced in order to avoid having to enforce the boundary
condition (2.19) at large distances from the cylinder. We introduce the transformation

‘f:la 77=§ (2.23)
r T
and
f(r9)=w(r,9)/r, (2.24)
where

f(&n)=cw(En). (2.25)

Thus, we have f =0 on £ =0 (i.e. at ¥ = 00) and this requires no approximation to be made for
at large distances from the cylinder. With the transformation (2.23) the solution domain
(1 <r<ow, 0<9< 27[) is transformed into a finite rectangular region in the (5,77) plane
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(0 <E<], 0<p< 4), see Figure 2. Substituting expressions (2.23) and (2.24) into the governing

equations (2.14) and (2.15) one obtains

_252 8(f,a))+§f8_a)

, 0w 2( 0w .
— [2)+—=— /2
z e 2 on +& oc cos(zn/2)+ - on sin(z77/2)

. 2 BE? 1+ &esin(zn/2) oo pEccos(zn/2) ow
7 \1+c*& +2c&sin(an/2) ) on  \1+c2E* +2c&sin(zn/2) ) 0&
2 2 2
Re o0& o & \0On
30X _ 20 4%
& —2—5 —+—2—2+ﬁ:—a) (2.27)
o& 05 z* on
and the boundary conditions (2.10) and (2.11) now become
f==sin(zn/2)- pin(l+c* +2csin(mn/2))* = f, on r=1, 0<p<4 (2.28)
o : l+csitzr2)
=a+ J+f—— = |= =1, 0<n<4 2.29
a siter/ {14—6‘2 sy e O Th 0= (2:29)
f =0, w=0, oné=0,05np<4 (2.30)
Further, since the solution is periodic in 77 we also require that
f(E4)=1(£0), olE4)=w(E0), for 0<E<], (2.31)

which along with all the other boundary conditions are indicated in Figure 2.

The Solution Technique

In order to obtain numerical solutions of the equations (2.26) and (2.27) subject to the
boundary conditions (2.28), (2.29), (2.30) and (2.31) the region of integration 0 < £ <1,0<7n <4

is covered by a rectangular mesh system of size 4 and & in the 77 and & directions, respectively, and

a modified finite-difference approximation to the differential equations (2.26) and (2.27) is
employed. If the standard central-difference approximation is employed, then it is not always
possible to obtain a convergent solution especially at moderate and large values of the Reynolds
number. A number of schemes have been introduced with the object of improving the efficiency
of the convergence of such schemes, e.g. upwind and downwind differencing as discussed by
Greenspan (1968). Gosman et al. (1969) and Runchal et al. (1969). These efficiencies arise from
the fact that the difference equations are associated with matrices, which are diagonally dominant
and thus amenable to iterative methods of solution. However, these schemes suffer from a
deficiency in that they are only of first-order accuracy since forward or backward differences are
employed to approximate first derivatives rather than the more accurate second-order central-
difference formulae. The formulation in which all derivatives are approximated by central
differences is of second-order accuracy but the matrix associated with the difference equations may
not be diagonally dominant. The iterative procedures may be slowly convergent or even divergent
when this method is applied.

There are also finite-difference schemes, which are of second-order accuracy and for which
the associated matrices are always diagonally dominant. These methods rely upon rather
specialized forms of local approximations and yield difference equations, which involve the
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exponential function. These schemes were first introduced by Allen and Southwell (1955) in
approximating the equation governing the vorticity during the course of finding numerical solutions
for the steady two-dimensional flow past a circular cylinder. Dennis and Hudson (1978) showed
that by a suitable adaptation of an alternative to the Allen and Southwell method suggested by
Dennis (1960), an approximation of second-order accuracy, yielding difference equations with an
associated matrix which is diagonally dominant, can be obtained. These difference equations do
not involve the exponential function and can be looked upon as a rather more complicated version
of the central-difference formulation. The Dennis and Hudson method contains more terms in the
finite-difference equations than the usual central-difference approximation but the presence of these
extra terms is very important for the associated matrix to be diagonally dominant. Numerous
authors have performed several numerical experiments which confirm that the method by Dennis
and Hudson succeeds where the standard central-difference formulation fails, see for example
Dennis (1960) and Dennis and Hudson (1978). Thus, in this paper a modified version of the finite-
difference approximation as described by Hudson and Dennis, has been used.

It is found most convenient to set up a mesh system such that the mesh size in both the & and

n directions are k = h =1/ N , where N is a pre-assigned positive integer. In view of the periodic
conditions (2.31), and extra line of computation 7 =4+ h for 0 <& <1 is introduced. Then we
have (N + l)X (M + 1) mesh  points, where M =4N+1, the mesh points
(&.,n,) (0<i<N,0< j<M) are (ih, jh). If subscripts 0,1,2,3 and 4 denote quantities at the
grid points (£,,7,),  (&ps110 = 1) (&, + 113, ), (E,.7, +R)and (&, — h,7,) respectively, then

on using the Dennis and Hudson scheme, equations (2.26) and (2.27) may be written in the form

B2 KL (B B (B R
(2+7z2§§ 4§§f°_7zzé‘§ﬁ+[4 8§0jf2+7r2§02f3+(4 ggojf“ g @ O

(IB + 22 ja)oz 12_a(foﬁo)_D(éCoWo))wl+£ﬂT+b(§o>ﬂo)+E(§o,ﬂo)ja’z

2 7z 502 77250
. (3.2)
+[2L+a(§0,770)+D(§0,770)]a)3 +(Ig__b(6g07770)_E(§07770)Jw4
&, 4
with 3" :%, and

(fm 0) SReé:il [ +§—z+§%8in(3)j 3.3)

Reh h  Reh
b(§05’70)— 'B[Sﬂfoz Uy + 32, + 162, cos(S)] (3.4)

__PhRe 1+c&,sind

Dléom) = 87} (1+02§02 +2¢&, sin(9) 3-3)

__PhRe ccos(9)
Eem)= 16 (1+02§02 +2¢&, sin(9) 3.6)

where (u 0 UO) are defined as
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af(‘foaﬂo)’ by = eAt) 3.7)
on o¢

U, =

The standard central-difference approximations may be obtained by setting the extra terms

D(égﬂ?o )aE(Afo,ﬂO) to be zero.

We now briefly outline how the boundary conditions (2.28)-(2.30) can be implemented. The boundary
condition for the vorticity on & =1 can be found by using Taylor expansion for fand @ and inserting

them in equation (2.27) to get second-order accurate finite differences.

Boundary conditions for @ :

Ong=0,0<7<4:i=0,0<<M; @, =0 (3.8)
on&=L0<p<4:i=N,0<j<M; o, =0, (3.8)
2 3 2 3
h h h h_h : 4h 3
_ (3.9)
a)nj = 2
l:h3(l+h):|
with
l+csinlZ 7,
fy=a- ,3(2 (277"» Ly 1+cz+203in(znij (3.10)
l+c +2(:sm(§77j) 2 2
2 2 esinlzn N1 +c )+2c°
gi]- :+7[_Sin(£njj_ﬂﬂ- (2 U/X ) - (311)
‘ 4 4 (1 +c*+2c sin(% n; ))
ﬂ7rzc(3)c+c3 +(1+3c2)sin(§77j)—2c3 cosz(gnj )) G2
g, =— .
” 2(1 +c*+2c sin(% n; ))3
onnp=4+h, 0<E<1:0<i<N,j=M; o, =a0,; (3.13)
on
n=0, 0<&<1: 0<i<N,j=0;, w,=a,,; (3.14)
Boundary conditions for f:
Oné=0,051n<4:0<j<M,i=0; Jo; =0; (3.15)
on£=1,0<n<4:0<j<M,i=N;
f,. =—sin zn' +£ln 1+c¢*2csin zn' (3.16)
v 2 )T 2" |
onn=4+h,0<EL1:0Zi<N,j=M, Som =Tt (3.17)
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onp=0,0<E<1:0<i<N,j=0; fio =S (3.18)

The resulting finite-difference equations (3.1) and (3.2), subject to the boundary conditions (3.8) —
(3.18), were solved iteratively. From equation (2.6) the non-dimensional speed of the uniform stream at
large distances from the cylinder is unity, whereas the non-dimensional strength of the rotlet at the

position (c,37z/ 2), namely £, is variable. In order to compare the results with Dorrepaal et al. (1984)

the value of ¢ is fixed at the magnitude used in their calculations, namely ¢ = 3.

Since the force components (drag and lift) and the moment are very sensitive to the method of solution,
particular attention has been given to these quantities. If /, and F are the dimensional drag and lift

on the cylinder, then

F, = I jﬂ (o, cos(9)-o,gsin(3)) _;rdI (3.19)

F, = _J‘027T (O'Sr cos(9)+ Oy sin(S))er rd 9 (3.20)

Introducing the constitutive relations

o, =—p+2u oL, , (3.21)
or
0(vg) 10v,
- = —| =2+ ===, 3.22
UVS O-Br ﬂ(rar(l"j ragj ( )
l1dv, v
O g9 =—p+2,u(; 8; + ]:j, (3.23)

into expressions (3.19) and (3.20) results in

27 | Op 10(a%¥ 2 .
F, = L o= | T4 ¥ |+ 4V [sin(9)d S, 3.24
27 | op 10(0%¥ 5
F,=- L= S W |+ VY | cos(9)d 9, 3.25
y Io "log ﬂr@r(agz ] H cos(9) (3.25)

By using the g component of the Navier Stokes Equations on the surface of the cylinder where the
component of velocity normal to the surface is zero, namely

1( op 0 (>
—| = |==u—\V-Y¥ 3.26
r(@&j ”ar( ) (.26

and substituting V*¥ = —@ , which is equation (2.8) but in its dimensional form, the equations (3.24)
and (3.25) can be written in the form
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20 | dw 2 0(0%Y .

Fx = 'uJ.O r [VE—CO—;E[W'F\PJ]SIH(S)dg, (3.27)
2 | dw 20(0°W

Fy = _ﬂ-[() r [I"E—CO—;E(W'F\P]:ICOS(S)CZS (328)

The above expressions are still dimensional, but defining the lift and the drag coefficients by
Cp=F, /(pUza) and C, = F, /(pU%a) (3.29)

enables Cp and Cj to be written as

2
2
Cp=— [ r|r22_ -2 21 ¥ g lsin(9)as, (3.30)
Re?0 or ror| g9
2
2
c, =21, P00, 2010 g cos(9)d 9, (3.31)
Re’ 0 or ror| 992

where 7,¥ and @ are all non-dimensional.

In terms of the independent variables ¢ and &,Cp and C; become

2
Cp =27 1-22_ 022 | TY yllsin(9)s, (3.32)
Re’0 o0& 0| p9?
2
2
C, =2 (> BCICHR S [ cos(9)d 9, (3.33)
Re* 0 o0& 05\ 092

When the boundary conditions on the cylinder are introduced, expressions (3.32) and (3.33) reduce to
those given by Fornberg (1980), except for a reversal of the sign in C; and the omission of a Factor 2

in the definition of both C; and Cp , which are both produced by the scaling we adopted.

The moment on the cylinder
2
M= J'O ro,grd9 (3.34)

becomes, in dimensional form, on substituting the appropriate constitutive equation

2 2
0 ‘I’_l@_‘l’_i_@ ¥ dg (3.39)

o2 ror 292

M = —,uj- E”rz
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Introducing the moment coefficient defined by
C, =M /(pU?a?) (3.36)

results in the non-dimensional expression

2
2 2 20 2 0°Y
Cy=— 71w 20V (2% g (3.37)
Re”0 ror 2592
In terms of the independent variables & and 9 the moment coefficient becomes
2 (2 ov oty
Cy =— 0w—-2—+2——1d9, (3.38)
Re’ 0 o0& 592
and the boundary conditions on the cylinder reduce this expression to
2 ¢2
Cyp =— (7 [w-2w, |48 (3.39)
Re’ 0

Formulae (3.32), (3.33) and (3.39) are evaluated using Simpson’s rule. Due to the need to evaluate the
drag, lift and moment when Re=0 we will work with the non-dimensional quantities

ReCp/2,ReCy /2 and ReCy; /2 from now on, namely F /(,uU),Fy N(uU) and M /(uUa).

However, when the Reynolds number vanishes, that is the independence of the mainstream at infinity
from the strength of the rotlet is no longer valid, It is necessary to redefine the above three quantities as

(F xa)/ (,ul"), (F ya)/ (,uF)and M/ (,uF) when discussing an iterative scheme in the following section.

The Results

Before we undertake a detailed discussion of the results it is important to stress from Dorrepaal et
al. (1984), and from our own investigation, that at Re = 0 it is impossible to obtain a solution for an
arbitrary value of the parameter £, which is contrary to what occurs at non-zero Reynolds numbers. In

the Re =0 situation there is only one unique value of £ which will produce the uniform stream at

infinity, and the difficulty numerically is to achieve some mechanism which will enable the numerical
method to converge to this quantity. Since Stokes flow with a uniform flow at infinity means that body
must be free of any force, one can develop an iterative numerical scheme based upon this fact to enable
the unique value of £ and the corresponding flow solution to be determined. Exactly how this is
achieved will be discussed in detail later within this section. In order to compare the results obtained by
the present numerical method with those obtained previously, the values of the Reynolds number
Re =5 and Re =20, in the absence of any rotlet (ﬂ = 0) and with the rotational parameter

a=0,051 and 2, were initially investigated.  Solutions are obtained for the mesh sizes
h=1/10,1/15,1/20 and 1/40. Tt is found that the contour lines for the streamfunction and
vorticity distribution are in good agreement with most of the previous investigators (Dennis and Chang
(1970); Fornberg (1980, 1985)), at both the above Reynolds numbers, repeated extrapolation of results
derived from A’ extrapolation of the results from 4 =1/10,1/15,1/20 and 1/40 produced only a
0.1% change in the coefficients of the lift and the drag when compared with the values derived directly
from using 7 =1/40. As a consequence it is proposed not to implement extrapolation but instead to
utilize a small value of 4, namely 42 =1/40. Values of Re/2 times the coefficients of the lift, drag and

moment are presented in table 1. The lift and drag coefficients are in good agreement with those
produced by Fornberg (1980).
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Table 1: The variation of the coefficients of lift, drag and moment with & for Re = Sand 20.

Re=5 Re =20
a ReC, /2 ReC, /2 ReC,, /2 | ReC,/2 ReC,/2 ReC,, /2
0.0 0.000 19.716 0.000 0.000 39.861 0.000
0.5 6.939 19.565 0.616 25.635 3.430 2.354
1.0 14.176 19.226 1.197 52.289 38.465 4.426
2.0 29122 17.514 2.246 114.275 32.515 7.026

Having established that the numerical procedure is producing the correct results for Re # 0 and
a # 0, the condition £ =0 is relaxed. However, since the interest is in whether the problem is well posed

as the Reynolds number tends to zero, it is proposed to set & to be zero in the remainder of the calculations
to be presented in this paper. Such a restriction can easily be removed if required.

It has already been established analytically by Dorrepaal et al. (1984) that at Re =0 a solution in
which there is a uniform stream of unit non-dimensional strength flowing parallel to the positive y -axis is

possible provided that the rotlet is placed at the non-dimensional position (c,O) , where the non-dimensional
strength of the rotlet is = ¢ . In the present situation the stream is flowing parallel to the positive x -axis
and therefore the position of the rotlet has to be (c,37z/ 2) in order to produce a solution. The question is

whether the solutions at Re # 0 for a range of values of /, namely varying non-dimensional strengths of

the rotlet, can be used to predict the unique analytical value of this parameter which produces the solution at
Re = 0. The results of the solution by Dorrepaal et al. (1984) show that there is no force or moment on the
cylinder. Hence, in the numerical solution it is possible that the value of /3 tends to its correct value for

Re = 0 if one considers the values of the parameter £ at which the quantities such as the force or moment
on the cylinder are zero as the Reynolds number tends to zero. To investigate this possibility values of
ReC,,ReC, and ReC,, are calculated as functions of the parameter # for 0 < f<3.5 at Re =5,3
and 1, with £#=1/10,1/20 and 1/40. Figures 3, 4 and 5 show the variation of ReC,,ReC, and
ReC,, as a function of the strength of the rotlet, £, for Re =5,3 and 1, respectively, when using mesh

sizes 10x40, 20x80 and 40x160. It is observed from figures 4 and 5 that the variations of the lift and
moment as a function of £ are very non-linear. However, the drag, (see Figure 3) appears to behave

almost linearly with respect to f, over the range 0 < < 3.5 for all the values of Re considered. Further,
all the three values of Re considered in this paper, predict that zero drag appears to occur close to the value
of ,6’(2 c) =3 . It has already been established by Dorrepaal et al. (1984) that only for a stream whose
direction and magnitude are related to the position and strength of the rotlet will a solution be possible when
Re =0. In this case only for the specific value of f =c will the problem be well-posed and produce a
solution for which the values for the drag, lift and moment on the cylinder are all zero. For all other values
of [ one will have the force and moment dependent on this parameter. It has been shown elsewhere that

when Re = 0 non-zero values of the drag and lift implies that there are terms of the type r ln(r)sin(S) and
rIn(r)cos(9) at large values of 7. Similarly non-zero values of the moment require a In(r) term.
Obviously the presence of such terms violates the boundary condition that f =0 as » — o0, and it is only

when all such terms are absent that one will achieve the required solution. This is why at Re =0, it is
impossible to obtain a convergent solution for an arbitrary value of £, unlike the situation at Re # 0.

However, for Re =0 one can think of the lift, drag and moment as functions of £ and only when
these quantities acquire the value of zero will £ achieve its required value, namely £ = ¢, and produce a
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Figure 3. The variation of Re Cy as a function of f ¢0¢ 10 x40,+ 4+ +20x 80,* **40 x 160.

convergent solution. Hence, the technique adopted was that of a Newton-Raphson iteration on C),, (ﬂ)
The choice of C, rather than C, or C,, being based upon the linearity of this expression with respect to
[, compared with the rather complex behavior of the latter two quantities when considered as functions of

this variable. The governing partial differential equation in finite-difference form, namely equation (3.1)
and (3.2), were solved for two values of f,say S, and f3,, the number of iterations being terminated after

a prescribed number since due to the boundary condition posed at & =0 convergent solutions are
impossible. The resulting two non-zero values of C, (,6’1) and C,, (,6’2 ) are the values used in the Newton-

Raphson method in order to establish a new value of £, say f; at which C, (ﬂ3 ) is estimated to be zero.
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Figure 4. The variation of Re C as a function of 000 10x40,+ ++20x 80,***40 x160.
(a)Re =35, (h)Re=3,(c)Re=1.

Resolving for this new value of /£, and using C, (ﬂ3) together C (131) or C,, (,82 ) , whichever is closest
to zero, to produce from the Newton-Raphson solution a new value of /. This process is continued until the
value of C, (ﬂ3) reaches zero to within the required tolerance needed. The value of £ automatically
results in the correct values of C, and C,,. The whole iterative procedure could equally well have been

applied to setting either the values of C, (ﬂ) or C,, (ﬂ ) to zero. The resulting values of S achieved by
this process were 3.0004, 3.005 and 3.0010 for the mesh seizes 40x160, 20x80 and 10x40 respectively,
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(c)

Figure 5. The variation of ReC); as a function of £ 000 10x40,++ +20 x 80,* **40 x 160.
(a)Re =5, (h)Re=3,(c)Re=1.

compared with the exact analytical value of 3. The streamline and vorticity patterns produced from the
numerical computation and shown in Figures 6 (a) and 7 (a) are identical with those obtained from the
analytical solution. Figure 6 shows the streamline pattern obtained for =3 and Re =0,1,3 and 5 for
fine mesh size 40x160. In these figures the effect of changing the Reynolds number appears to be slight, but
if we compare this figure with Figure 10 the effect of the Reynolds number becomes more clear.

Figure 7 shows the vorticity pattern for =3 and Re=0,1,3 and 5 for 40x160. The effect of
changing the Reynolds number is unclear, since the Reynolds number is small and the strength of the rotlet
is strong.

Figure 8 shows the streamline pattern for f=1.5 and Re =0,1,3 and 5. The region around the
rotlet appears to be unaffected by the small change in the Reynolds number but compared with Figure 7,
where the strength of the rotlet is double the present value, the decreasing strength of the rotlet causes a
shrinkage of the region for the same streamline values.

Figure 9 shows the vorticity pattern for f=1.5 and Re =0,1,3 and 5. Whilst the three figures are
virtually indistinguishable, the decrease in the strength of the rotlet to half its earlier value, see Figure 7, has
produced a more symmetric pattern of vorticity between the rotlet and the cylinder whilst at the same time
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Figure 6 (a,b,c, d). The numerically obtained streamlines, V', for f =3 with a mesh size 40x160 . The
streamlines labelled 1, 2 and 3 correspond to W = —1, 0 and 0.7, respectively.

(a)Re =0, (b)Re=1,(c)Re =3, and (d)Re = 5.

the vortex lines of the same magnitude have been constrained in this region closer to the surface of the

cylinder. This is contrary to what appears to take place above the cylinder with the vortex lines of the
same magnitude showing a departure from the surface.
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Figure 7(a, b, ¢, d). The numerically obtained vorticity, @, for # =3 with a mesh size 40x160. The
streamlines labelled 1,2 and 3 correspond to @ = —0.4, 0 and 0.4 , respectively.
(a)Re =0, (b)Re =1, (c)Re =3, and (d)Re = 5.
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Figure 8 (a, b). The numerically obtained streamlines, V' , for f =1.5 with a mesh size 40 x160. The
streamlines labelled 1,2 and 3 correspond to ¥ = —1, 0 and 0.7, respectively.

Figure 10 shows the effect of the strength of the rotlet and how the results tend to those
obtained by Fornberg (1980). Figure 10 (f) is identical with the figure obtained by Fornberg (1980).
Further, close to the body, the flow (when S exceeds unity) appears to be dominated by the rotlet,

even at a Reynolds number of 20. The dominance of the rotlet is seen by the symmetrical nature of

(c)

Figure 8 (¢). The numerically obtained streamlines, V', for # =1.5 with a mesh size 40x160 . The
streamlines labelled 1,2 and 3 correspond to ¥ = —1, 0 and 0.7, respectively.
(a)Re =1, (b)Re =3, (c)Re = 5.
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Figure 9 (a, b, ¢). The numerically obtained vorticity, @, for # =1.5 with a mesh size 40 x160 . The streamlines
labelled 1, 2 and 3 correspond to @ = —0.4, 0 and 0.4, respectively.
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Figure 10 ( a, b, ¢, d, e, ). The numerically obtained streamlines, V' , for Re = 20 with a mesh size 40x 160 .
The streamlines labelled 1, 2 and 3 correspond to ¥ = —1, 0 and 0.7, respectively.

(@)B=3, (b)B=15,(c)p=1,(d)p=05,(e)=0.1,and (f)B = 0.
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the flow (when S exceeds unity) appears to be dominated by the rotlet, even at a Reynolds number of

20. The dominance of the rotlet is seen by the symmetrical nature of the flow about the x-axis and y-
axis in the vicinity of the body. As the strength of the rotlet decreases, the symmetrical flow pattern
diminishes. However, it is only when the value of £ falls below 0.5 that one sees the closed streamline

behind the cylinder and even when the value of £ reaches 0.1 this closed region behind the cylinder is
only present in the region y <0 due to the rotation from the rotlet. Obviously as [ tends to zero the
closed streamline region will move to its symmetrical pattern about the x - axis.

Conclusions

Numerical solutions of the full, steady, two-dimensional Navier-stokes equations have been obtained
for the fluid flow past a circular cylinder for Reynolds number Re=1,3,5 and 20 and rotational

parameter 0 < <2 when a rotlet of any given strength is placed at various positions outside the
cylinder. Although numerical solutions can be found for any value of Reynolds number greater than zero
it is well known that when the Reynolds number is zero that a solution only exists provided there is a
relationship between the strength of the rotlet and its location. Further, when the Reynolds number is
zero, the analytical solutions are such that the drag, lift and moment are all identically zero. Therefore in
this paper we have concentrated on obtaining numerical results with the drag, lift and moment zero and
developed a technique for extrapolating the results obtained at small values of the Reynolds number to
predict the solutions for zero Reynolds number. Using this technique it is found that the numerical results
are in excellent agreement with all the available theoretical results. We conclude that the technique
developed in this paper may be used with confidence to predict solutions for flows at zero Reynolds
numbers for situations where there are no analytical solutions.
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