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ABSTRACT: We develop a finite volume characteristic method for the solution of the advection-
diffusion equations which model the contaminant transport through porous medium. This method
uses a second order Runge-Kutta approximation for the characteristics within the framework of the
Eulerian Lagrangian localized adjoint methods (ELLAM). The derived scheme conserves mass,
symmetrizes the governing equations and generates accurate numerical solutions even if large time
steps are used. Numerical experiments comparing several competitive methods using a standard test
example are presented to illustrate the performance of the method.
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1. Introduction

Many problems arise in the numerical simulation of subsurface contaminant transport and
remediation within porous media. The model equations, which describe such processes, are
advection-diffusion equations which are known to present many numerical difficulties especially
when advection dominates the physical process. Standard centered difference methods and
Galerkin finite element methods (FEM) then generate solutions which exhibit non-physical
spurious oscillations. Standard upwinding methods on the other hand usually eliminate these types
of oscillations in their solutions. However they suffer from excessive numerical diffusion which
smears out sharp fronts of the solutions where important chemistry and physics take place.

Many specialized methods have been developed which aim at resolving the difficulties
mentioned when applied to both linear and nonlinear problems. A large class of these methods,
usually referred to as Eulerian methods, use some form of upstream weighting and improved
techniques in their formulations over fixed spatial grids. This class includes the Petrov-Galerkin
FEM methods (Bouloutas and Celia, 1991; Westerink and Shea, 1989), the streamline diffusion
methods (Hughes and Mallet, 1986; Johnson, 1987), the flux corrected transport methods (Boris
and Book, 1997; Téth and Odstréil, 1996), and the high resolution methods from fluid dynamics
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which include the essentially non-oscillatory method (ENO) and the weighted ENO method (Shu
1999), and the Godunov methods (Dawson, 1991; Van Leer, 1984), as well as many other methods.
These methods which are characterized by ease of formulation and implementation, succeed in
suppressing the artificial oscillations which are present in standard methods. However, their
solutions tend to be dominated by time truncation errors. Moreover they impose restrictions on the
size of the time step taken for reasons of stability and accuracy.

A second class of methods, usually referred to as characteristic methods makes use of the dual
nature of the governing equation which includes hyperbolic as well as parabolic components
(Douglas and Russell, 1982; Pironneau, 1982). These methods incorporate Eulerian grids with
Lagrangian tracking along the characteristics to treat the advective part of the equation. This
treatment allows for larger time steps to be used in the simulation. Moreover, it significantly
reduces the time truncation errors when compared to Eulerian methods. However, these methods
have difficulty in conserving mass and in treating general boundary conditions.

The Eulerian Lagrangian localized adjoint method was developed by Celia, Russell, Herrera,
and Ewing (1990) as an improved extension of characteristic methods which maintains their
advantages and enhances their performance by conserving mass and treating general boundary
conditions naturally in its formulation. This first ELLAM formulation (Celia et al, 1990) was a
finite element formulation for one-dimensional constant-coefficient advection diffusion equations.
The strong potential that this formulation has shown, led to the development of formulations for
variable coefficient equations (Russell and Trujillo, 1990; Wang et al, 1992), for non-linear
equations (Dahle et al, 1995), as well as finite volume formulations (Healy and Russell, 1993).

Most of the ELLAM formulations developed use a backward Euler approximation in time
along the characteristics due to its simplicity and stability. These formulations are therefore only
first order accurate in time. The authors have recently developed second order in-time ELLAM
methods for advection-diffusion equations (Al-Lawatia et al, 1999). The derived schemes were
shown to have a higher order in-time convergence rate compared to the backward Euler ELLAM
methods.

In general, ELLAM methods generate regularly structured systems which are symmetric and
positive definite and thus can be easily solved numerically. A principal drawback, however, to the
increased use of ELLAM methods has been the increased effort required to implement the method
within existing simulators, since it is somewhat more involved than several of the other methods. In
this paper we develop a finite volume ELLAM method for the solution of variable coefficient
advection-diffusion equations in one spatial dimension which uses a second order Runge-Kutta
approximation for the characteristics. This method uses finite volume test functions in the space-
time domain defined by the characteristics which permits implementation with little code change in
many existing simulators, whether they be legacy codes or more modern modularized versions.
Numerical experiments are presented to illustrate the performance of the method developed and to
compare it with many widely used and well-perceived methods, such as the streamline diffusion
method, monotone schemes, essentially non-oscillatory methods, and flux corrected schemes.

2. Development of the Runge-Kutta ELLAM Method
The model problem we consider is the following one-dimensional advection-diffusion equation and

initial condition

Lu=u, +(Vx,t)u—Dx,tu_) = f(x,t), xe(ab)te[0.T],

_ (1)
u((x,0) =uy(x), x € [a,b]

where u_ =0u/0s, V(x,t)is the velocity field and D(x,?) is the positive diffusion coefficient. To

close the system, we assume (b — a )-periodic boundary conditions.
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2.1 Partition and Characteristic Curves

Let /7and N be two positive integers. Following Healy and Russell (1993), we define a
partition of the space-time domain [a,b]x[0,7] of equation (1) as follows:

< < o< N =T,

& @)

0.1 a = X, < Xy < .. < X, = b

e
I

The partition o divides the spatial domain into grid blocks (finite volumes) B, =[x, ,,,x,,,,,] of
size Ax,. We denote the center of block B,, by x, which represents a grid point in our
discretization.  Multiplying equation (1) by a test function w that vanishes outside
[a,b]x (¢",t""'] and integrating by parts we obtain a weak form of equation (1)

jfu(x, "y wix, ") dx + [njjl jZD u.w,_ dxdt

a t" a

+ t]:](V u—D ux)w|Zdt - t]:] ju (w, +V'w,) dxdt (3)
" " a
= fu(x,t”) w(x, 1) dX+tf ffwdxdt,
a " a

where w(x,#) =lim _ , w(x,#) which takes into account the fact that w(x,?) is discontinuous in

time at time ¢". We note from the periodicity of formulation that the third integral on the left-
hand side of equation (3) vanishes.
In the ELLAM framework (Celia et al, 1990), the test functions w(x,¢) in equation (3) are

selected to satisfy (exactly or approximately within the tolerance of the accuracy desired) the
homogeneous equation of the hyperbolic part of the adjoint equation of equation (1)

w,+Vw =0 “4)

which reflects the Lagrangian nature of equation (1). This implies that the test functions should be
chosen to be constant along the characteristics. These characteristics are given by solutions of
initial value problems of the ordinary differential equation

b _
50D )

Solving this equation analytically for a generic velocity field, however, is not possible, and so we
must consider approximate solutions. In the formulation of our scheme, we approximate the
characteristics by a second order Runge-Kutta method and define the characteristic curve

emanating from a point (x,7), with 7 €[¢",¢""'] using Heun's method:

X(0,%,1) =X+ (62_ D) V(D +V(X+(0 -1V (X,1),6)), (6)

where @ determines the time position along the characteristic.
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2.2 The Finite Volume Runge-Kutta ELLAM Scheme

In the finite volume Runge-Kutta ELLAM scheme, we define the test function w,(x,7)
associated with the grid point x, (i=1,...,/) by

I, ifX@E;x,t)eB,,telt",t"™],

0, otherwise,

w,(x,17) ={ (7)

and extend w, to be constant back along the approximate characteristics (6) into the space-time

strip [a,b]x[t",t""].

The Runge-Kutta ELLAM scheme can be formulated by evaluating the space-time integrals in
equation (3) along the approximate characteristics. We evaluate the second (source) term on the
right hand side of equation (3) by a trapezoidal quadrature

n+
t

[ [1.5) wi(,) dvds

" a
Xigps2 "
= j j F(X(s3x,1™1), ) X (5., ") dsdx
s Zr ®)
_ 7( ™)+ £ )X (%t dx + E/
= I %f(x,t"“)dx+ I %f(x,t”)derEl:f

where x = X(¢";x,t"*") is the foot of the approximate characteristic emanating from (x,""") and
E/ is the truncation error due to the application of the trapezoidal rule.

We evaluate the second (i.e., diffusion) term on the left hand side of equation (3) in a similar
manner as was done with the source term but noting that w, (x,"*") is a Dirac-delta function at the

two end points x,_,,, and x,,,,,,

tn+1 b

J D )0,5) w, (75)dvs
_ _[ J-Xx(s;x,tnﬂ)(DMX)(X(S;X,Z‘”H)’S)WiX(X(S;x’th)’S)dsdx

Xi1p 1"

I %((DMX)(x,t’1+l)wix(x7tn+l)+Xx(tﬂ;x)tn*—l)X

Xi-1/2

9

(D (X3, "), Y (X (5,8, 87) b + EP

L

+ %(Dux )(x,t") + EI.D

"
X=Xit/2 X=Xit/2

Xi-1/2

=§(Dux)<x,z"“>

where we used the identity —w, (X(s;x,2"*"),s) = w, (X(s;x,6""),$)X (s;x,£""") in the third
equality.
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The finite volume Runge-Kutta ELLAM can then be formulated from the weak form (3) using
the periodic boundary conditions to drop the third term on the left hand side, dropping the fourth
term on that same side by our choice of test functions (main idea of ELLAM), and by substituting

equations (8) and (9), dropping both error terms E/ and E”. Finally, we choose as trial functions

n+l

U which are piecewise linear in space on adjacent grid points at time "~ and obtain the following

Runge Kutta ELLAM scheme

e n+ At n+ n+
UG ')dx+?[(DUX)(xi_”2,t Y = (DU )(x,.1,002")]

Xi1/2

x:n/z . At . . . .
= UG ds = DU o) = (DU )] (10)

Xit1/2 At - x;+l/2 At .
+ J. Ef(x,t YYdx + .[ Ef(x,t )dx.

Xi-1/2 Xi_1/2

The first integral on the left hand side of equation (10) is a standard integral which can be
computed as follows

[t hyae = L R
Xi1/2 4 Axi_l + Axi 4 Axi-] + Axi (11)
+& U;HI + Ax, Ax; ln++11
Axi + Ale 4 Axi + Axiﬂ
for a non-uniform partition 6, and as
Ule, ™y dy = 2ym 4 38 g A pna (12)
8 i-1 4 i 8 i+1

Xi-1/2

for a uniform one. The second integral on the right hand side of equation (10), which represents a
source/sink integral, can be evaluated in a similar manner.

The remaining integrals in equation (10) which are defined at time ¢ require more careful
evaluation. The tracking approach we use to evaluate these terms is forward tracking, which
avoids the grid deformation problems associated with backward tracking schemes and is more
feasible for multiple dimensions. In this approach numerical integration rules are applied at time ¢"
where the solution (and the associated weight) at each quadrature point is forward tracked while the
value of the test function is determined at the location to which the quadrature point is tracked at
time ¢"*'. However, using the test functions given by equation (7) presents mass conservation
difficulty when the Courant number is close to an integer, since forward tracked quadrature points
could come very close to end points of the cell blocks which could result in mass not being
accurately distributed among the nodes. Healy and Russell (1993) suggest using alternative test
functions which approximate the functions given in equation (7) and try to distribute mass more
accurately while maintaining local mass conservation. We use their approach and approximate the
first integral on the leftside of equation (10) according to

"
Xit1/2

j U(x,t”)dxzIU(x,t")Wi(x,t”)dx (13)

b
Xi-1/2
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where the test function introduced is defined by

Ax. X 0 —X
-1/2 Axi
A le 1-16 le s XE[X 6 Xl
i1 T AX; il
Ax;_
Ax, +16(x — xi—l/z)Tv,l A,
e+ A ) X E[X; 125X 10 + 5]
i1 i
A, Ax,
W.(x,t'm) _ 1, X€E€[Xyn + T X — 76 ) (14)
! A’CH
Ax; +16(x,,,/, — X) Av, Ax,
Ar + Ax ) X E[X00 —To s X )
i i+1
Ax. X—X,
i i+1/2 AX;,
A 1-16 A s X E[X 05X e
P TAX i+1
0, otherwise.

3. Numerical Experiments

In this section we present numerical results to illustrate the performance of the finite volume
Runge-Kutta ELLAM (RK-ELLAM) method developed in this paper and compare it to other well
known methods.

3.1 Convergence Rates of the Runge-Kutta ELLAM Scheme

We observe numerically the order of convergence of the finite volume RK-ELLAM method
developed for equation (1). In order to make comparisons with earlier results in (Al-Lawatia et al,
1999), we choose as a test problem the standard transport of a Gaussian hill with initial
configuration given by

u,(x,t)= exp(_(xz;f‘)zj (15)
o

where the center is x, =0.3 and the spread o =0.0316. The spatial domain is [a,b]=[0,2] and
we simulate over a time interval of [0,1]. The velocity field considered is V' (x,¢) =1+ 0.1x and the

diffusion coefficient is set to D =10"". The right hand side in equation (1) is generated from this
data and the analytical solution (see section 5.1 of Al-Lawatia ef al, (1999) for details).

In order to obtain the order of convergence in space (respectively, time) in this experiment, we
perform runs varying the mesh size Ax (respectively, A¢) with the remaining mesh size being
fixed with small value, so that the contribution to the residual error due to that variable is
negligible. We then use a linear regression to fit the data and obtain the order of convergence in
the chosen variable whose size was varied. The process is then repeated for the remaining variable.
Table 1. contains the L, norms of the errors generated for our runs as well as the estimated order of

convergence and corroborates that the scheme is second order in time.
3.2 Comparison of the Runge-Kutta ELLAM Method With Other Schemes

We perform numerical experiments which present a comparison of the finite volume Runge-
Kutta method developed in this paper with some well known and widely used methods, including
the Galerkin (GAL), Quadratic (QPG), and Cubic (CPG) Petrov-Galerkin finite element methods,
the Streamline diffusion finite element method (SDM), the monotone upstream-centered scheme

72



A FINITE VOLUME RUNGE-KUTTA ELLAM METHOD

for conservation laws (MUSCL), the Minmod scheme, the essentially non-oscillatory method
(ENO) and weighted ENO (WENO), and flux-corrected transport (FCT) methods. See Al-Lawatia
et al, (1999) and the references cited there for a discussion of most of these methods, their
implementation, and the advantages and disadvantages of their wuse for numerically solving
advection-diffusion problems. The QPG and CPG methods (Bouloutas and Celia,1991; Westerink
and Shea, 1989) incorporate some upwinding in the test space as compared to the standard finite
element method (GAL). Using the same principle, the SDM incorporates some upwinding by
adding multiple of the linearized hyperbolic operator to the test functions in the space-time finite
element formulation of equation (1) (Hughes and Mallet 1986; Johnson 1987).

Table 1: Spatial and temporal convergence rates of the RK-ELLAM method.

Ax At L, Error Ax At L, Error
1/500 1/6 2.591498x107° 1/60 1/500 2.094592x 1072
1/500 1/8 1.436987x107° 1/65 1/500 1.866031x 1072
1/500 1/10 9.097415x10™* | 1/70 1/500 1.649212x 107
1/500 1/12 6.239286x 107" 1/75 1/500 1.436851x 107>
1/500 1/14 4.496829x 107 1/80 1/500 1.231351x 1072
TEMPORAL RATE = 2.06 SPATIAL RATE = 1.83

126 e initial .
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Figure 1. Analytic and RK-ELLAM solution Ax =1/60, At =1/10.
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Table 2: The performance of the RK-ELLAM method.

Ax At L, Error CPU Figure
1/60 1/5 2.478001x 107 0.1 -
1/60 1/10 7.232906x 107" 0.3 1

This results in numerical diffusion being added only in the direction of the streamlines. The
amount of diffusion added depends on the value taken for a constant C' which appears in the
formulation. There is no clear optimal choice for this constant and is heavily problem dependent.
Following our reasoning and explanations in (Al-Lawatia et al,1999), we consider three different
values for C, namely 1.0, 0.1 and 0.0001. The MUSCL and Minmod schemes are Godunov
methods which are known to work well for hyperbolic conservation laws, and are extended for the
advection-diffusion equations by operator splitting of the equation. In our experiment we consider
the formulation given by (Dawson, 1991; van Leer, 1984). In a similar manner, the ENO and
WENO which are high-order methods can be extend to solve the advection-diffusion equations
(Shu, 1999). The ENO formulation of order k£ uses a polynomial interpolation over the locally
smoothest stencil from k-1 candidates. This treatment provides a non-oscillatory interpolation
which accurately resolves sharp fronts of the solution. The WENO formulation uses a convex
combination of all candidate stencils. This allows for higher order (24-1) approximation of smooth
data while maintaining the advantages of ENO. In our experiments we consider ENO and WENO
of order £=3 while the Roe flux is used to guarantee upwinding. The last method we consider is the
Flux Corrected Transport scheme (FCT) which adds a high-order (anti-diffusive) term to a low
order solution and a limiter which controls the amount of anti-diffusion added thus avoiding the
formation of new minima or maxima. In these experiments we consider two FCT formulations, The
ETB-FCT which is due to Boris and Book (1997) and the YD-FCT which is due to Odstr¢il (Toth
and Odstr¢il, 1996).

Table 3: The performance of the galerkin and petrov-galerkin FEM method.

L, Error

Ax Al GAL QPG CPG CPU | Fig
1/60 1/71 3.932535%x 107 2.735581x 107 7.066083x107° 7.2 2a
1/60 1/120 1.696879x 107 1.227225%107 3.699256x 107 11.6 -
1/60 1/180 9.112832x107° 1.109330x 107 3.501284x 107 48.4 -
1/60 1/500 3.501284x 107 1.296422x107 2.792321x107 50.8 -
1/120 | 1/180 6.872490x 107 5.672787x 107 1.131020x107° 34.5 -
1/120 | 1/500 1.034087x107 1.876571x107° 2.635279%x 107" 95.5 -
1/180 | 1/500 9.516502x 107 5.742545x 107 1.572651x 107" 1434 | 2b

Tables 2-7 display errors for the various methods described in the previous paragraph and with
groupings determined according to their common features. In the example runs, we use a base
spatial grid size of Ax=1/60 which is needed to resolve the analytical solution. In the RK-ELLAM
simulation we use a time step of Ar=1/10 which gives a Courant number of 7.08. The RK-
ELLAM solution is presented in Figurel, which matches the analytical solution with no noticeable
artifacts. The L, norm of the error is given in Table 2. All other methods have a restriction on the
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size of the Courant number, for reasons of either accuracy or stability. Therefore we chose a
At=1/60 for the SDM (since it performs better when Az = Ax) and a time increment of Atz = 1/71

for the other methods to insure that the Courant number is less than one. We then vary A¢ and Ax

separately until we find a solution comparable to that of RK-ELLAM. For compactness of
presentation, we only display representative results in Tables 2-7 for all methods

Table 4: The performance of the streamline diffusion method with C=1.0,0.1, 0.0001.

Ax At | SDM C=1.0 L, Error SDM C=0.1 | SDM C=0.0001 CPU | Fig
1/60 1/60 6.355122x107 2.826175x107 1.778362x 107 313 | 3a
1/60 1/120 4.840039x 107 1.640467x107° 8.693459x 107 61.9 -
1/60 1/180 4301432x107 1.286264x107 6.161846x 107 91.8 -
1/120 1/60 1.352609x 107" 1.924898x 107 1.162379x 107 65.7 -
1/120 | 1/120 2.705920x 107 7.321247x107° 3.517420x107° 125.2 -
1/120 | 1/180 1.973977x107° 4.391139x 107 1.805112x107° 186.0 | -
1/180 1/60 4.366757x107 1.642966x 107 1.011792x 107 100.8 -
1/180 | 1/120 2.008301x 107 5.029804x 107 2.493366x107° 1893 | -
1/180 | 1/180 1.249368x 107 2.550667x 107 1.145603x 107 2762 | 3b
Table 5: The performance of the MUSCL and minmod methods.
Ax At MUSCL Minmod Fig
L, Error CPU L, Error CPU
1/60 1/71 3.346351x107° 0.3 7.759972x107° 0.3 4a
1/60 1/180 1.694678 x 107 0.9 4.127991x 107 0.9 -
1/120 1/137 4.059827x107 1.3 2.969584x 107 1.3 -
1/120 1/180 3.272317x107° 1.7 5.032843x107° 1.7 -
1/120 1/300 3.164429x107° 2.7 1.374573x 107 2.8 -
1/120 1/500 4.423000%x 107 4.5 1.802668x 107 4.7 -
1/180 1/206 4.643784x107 2.9 4.077129%x107 3.0 -
1/180 1/300 4.339222x107° 42 1.300853x 107" 4.4 4b
1/180 1/500 4.166763x107 6.8 5.043802x 107 7.1 -
1/300 1/343 4.996610x 107 7.9 4.809775x107 8.2 -
1/300 1/500 5.013427x107° 11.7 3.558838x107° 12.4 -
1/400 1/456 5.102536x107° 14.0 5.007080x 107 14.7 -
1/400 1/700 5.155649x 107 21.8 4.349918x107 23.6 -
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Figure 2. GAL, QPG, and CPG solutions.
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+ SDM C=1.0
C=0.1
—————— C=0.0001

_02 | 1 | 1 1 | 1 |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
¥-axis
(a) Ax=1/60, Ar=1/60
12 analytic i
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(b) Ax=1/180, Ar=1/180

Figure 3. SDM solutions with C = 1.0, 0.1, 0.0001.
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Table 6: The performance of the essentially and weighted essentially non-oscillatory schemes.

Ax At ENO WENO Fig
L, Error CPU L, Error CPU

1/60 1/71 6.65187x107° 0.4 1.90804x 107 0.5 5a
1/60 1/120 2.53934x107° 0.7 1.18621x 107 0.8 -
1/60 1/142 2.49706x107° 0.8 1.13589x 107 0.9 -
1/60 1/180 2.50508x 107 1.0 1.09337x107* 1.2 -
1/60 1/500 2.45552x107° 2.8 1.03442x107° 3.1
1/120 1/180 5.86976x107 1.9 1.69107x107° 2.3
1/120 1/300 5.35956x107 3.3 1.02646x107° 3.6 -
1/120 1/500 5.16344x107 5.7 8.22716x 107" 6.0 -
1/180 1/500 1.60086x 107 8.3 3.46900x 107" 9.3 5b
1/180 1/700 1.52986x 107 11.5 2.82685x 107 12.8 -

considered. These tables include the errors in the L, norm, and the CPU time (measured on
a Sun Workstation) used in the simulations. In addition we present in Figures 2-6 two
representative plots for each of the groups of methods described above. One plot uses Axand
At that are as close to those used in the RK-ELLAM solution in Figure 1 as possible, while the
other plot uses Axand At fine enough so that a solution comparable to that of the RK-ELLAM is
generated.

Table 7: The performance of the flux-corrected transport methods ETB-FCT and YD-FCT.

Ax At ETB-FCT YD-FCT Fig
L, Error CPU L, Error CPU
1/60 1/71 5.62674x107 0.4 9.31359x 107 0.5 6a
1/60 1/120 1.11100x 107 0.7 1.96143x 107 0.8 -
1/60 1/142 1.17590x 107 0.8 2.04608 x 107 1.0 -
1/60 1/180 1.56634x 107 1.0 2.16396x 107 1.3 -
1/60 1/500 2.17876x 107 2.8 2.50837x 107 3.6
1/120 1/180 1.74395x 107 2.0 3.20607x107 2.4
1/120 1/300 2.47444x107 3.2 3.92427x107° 4.1 -
1/120 1/500 3.74297 %107 5.6 4.30095x107 7.1 -
1/180 1/500 8.77504x 107 8.3 1.32257x107 10.9 6b
1/180 1/700 1.09927x107 115 1.34855x107 15.4 -
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Figure 4. MUSCL and Minmod solutions
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Figure 5. ENO and WENO solutions.
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(b) Ax=1/180, At=1/300

Figure 6. ETB-FCT and YD-FCT solutions.
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4. Summary

In this paper we develop a finite volume characteristic method for the solution of variable
coefficient advection diffusion equations in one-space dimension. This method uses a second order
Runge-Kutta approximation for the characteristics within the framework of the FEulerian
Lagrangian localized adjoint method. The derived scheme conserves mass, fully utilizes the
transient behavior of the governing equation, and generates accurate numerical approximations
even for large values of the Courant number, and thus it permits large time steps in thesimulation.
Numerical experiments are presented which show that, in the context of linear advection-diffusion
equations, the finite volume Runge-Kutta ELLAM method outperforms many well perceived and
widely used methods, in a standard test example, including the Galerkin and Petrov-Galerkin FEM,
the streamline diffusion method, the Flux-Corrected Transport methods, and the high resolutions
methods MUSCL, Minmod, Essentially non-oscillatory method (ENO) and weighted ENO. The
reader is referred to (Al-Lawatia ef al, 1999) for other experiments which compare two finite
element formulations of ELLAM to a wide range of well perceived and widely used methods.
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