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ABSTRACT: We consider the synchronization and cessation of oscillation of a positive even
number of planar oscillators that are coupled to their nearest neighbours on one, two, and three
dimensional integer lattices via a linear and symmetric diffusion-like path. Each oscillator has a
unique periodic solution that is attracting. We show that for certain coupling strength there are both
symmetric and antisymmetric synchronization that corresponds to symmetric and antisymmetric
non-constant periodic solutions respectively. Symmetric synchronization persists for all coupling
strengths while the antisymmetric case exists for only weak coupling strength and disappears to the
origin after a certain coupling strength.
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1. Introduction

his paper is concerned with the synchronization and mutual extinction of oscillations of a
system of ordinary differential equations (ODEs) indexed by points in an m -dimensional

integer lattice Z", m € {1,2,3}. This system is what we shall refer to as lattice differential

equations (LDEs).By a lattice oscillator, we mean a system of LDEs with every lattice points
having an attracting periodic orbit.

They have been great interest in the synchronization of coupled oscillators on a one-
dimentional integer lattice. Aside from the mathematical interest in the problem (see for instance
Aronson et. al. 1987, and references therein, coupled oscillators occur in other fields. In biology
the papers of Ermentrout and Koppel (1990,1992) provide us with examples where
synchronization and oscillator death occur. In chemistry Bar-Eli (1985) and Crowley and
Epstein (1989) consider the synchronization and oscillator death for some chemical oscillators.
LDEs are also found in Cellular neural networks (CNN), (see for example Chua and Roska
1993. Metallurgy is another area where lattice systems can be found (Cahn 1960). (private
communication) has considered synchronization of coupled oscillators of subsystems that are
described by a second order damped forced Duffing ordinary differential equation. The
oscillators are linearly and diffusively coupled both in position and velocity to their nearest
neighbours. He found that synchronization that occurred for large values of the coupling
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strength for both identical nonidentical oscillators is mainly influenced by the damping in the
individual oscillators and dissipation of the coupling component of the system. Much of the
work on synchronization and cessation of oscillations is done on a one-dimensional lattice and
coupling involves only one variable of each subsystem. This is known in the literature as scalar
coupling (Bar-Eli 1985). There is less repertoire on this subject in two and three-dimensional
cases and when all variables in the subsystems at each lattice site are involved in the coupling.
The problem we consider in this paper is the synchronization and cessation of oscillation of
planar oscillators that are linearly and symmetrically coupled via a diffusion-like coupling to
their nearest neighbours on one, two and three dimensional lattices. As a special case of the
general results, we consider a canonical model where each oscillator is a truncated normal form
to cubic order for a general planar oscillator near a Hopf bifurcation point. These types of planar
oscillator that were considered by Poincar’e in 1891 (Perko 1998, p. 351) in his works on limit
cycles, lend themselves to an easy analytical treatment. The dynamics of each oscillator

z,:z,(t)eR?, j =12,3,..., is governed by the solution of the equation.

z,=4z; —Zj|Zj|2 ::g(zj), (1.1)

1 -1
A= :

|| denotes the Euclidean norm, and the “dot” denotes differentiation with respect to time ¢ . The

where

solution of Equation (1.1) for any initial condition in R* \{O is a unique limit cycle that attracts
the whole of R*\{0},see for instant (Perko 1998, page 356).

We couple the differential equations in (1.1) to yield various lattice structures. We shall first
consider the dynamics of the system when coupling yields a one-dimensional lattice and then
proceed to consider the two and three dimensional lattices cases.

2. One dimensional lattice

Now, let us couple the n > 2 identical subsystems in equation (1.1) to yield
Z:B(k)z +f (z), (2.1)
where z = (ZI,Z gseenesZ )T denotes the coordinates of a point on the lattice, B (k )a real symmetric

matrix depending on the coupling strength k > 0, is given by B (k ) =k A, ®L with

|

\S]

o
S O O
S O O

11
e R [~ . (22)
11
00 0 0 .1 -2 1
0 0 0 0 ..0 1 -1

where ® denotes the Kronecker product, and f (z ) = (g (z,).8(2,)s8 (2, ))T . This type of

coupling corresponds to a symmetric nearest neighbour coupling on a linear lattice with
Neumann boundary conditions. We observe that if we had taken each subsystem in R say, then
the matrix L above could be replaced by a d xd matrix whose entries are all 1’s. This coupling
differs from the one considered in Hale (private communication) where L is a d xd identify
matrix.
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We say that Equation (2.1) is synchronized or has symmetric solutions if its solution z is in the
set

0, ZI{Z €ER:z,=z,=..=z, iO},

for all £ > 0. We refer to this set as the ‘diagonal * in R*" (Fujisaka and Yamada 1983).
Oscillator death occur when there is a mutual cessation of oscillation in all oscillators for certain
coupling strengths. That is, when z is a constant for all # >0 for some positive values of k. The
invariant subspace

I1, ::{z eER™ iz, 20,1< Sn—l},

defines antisymmetric solutions to equation (2.1) or antisymmetric synchronization. These two
subspace are the most readily observed and are of great interest in practical problems.

The analysis of the evolution of the periodic solutions of equation (2.1) with k as a
parameter is facilitated by analyzing the flow restricted to the invariant manifolds [], and ©,.

Proposition 1.1. We let n be an even integer. Then there exists a constant &k, >0 for which
equation (2.1) defines antisymmetric solutions for all 0 <k <k ,. Moreover, there is oscillator
death for £ > k.

Proof. The proof involves the determinates of the eigenvalues of B (k)and an appropriate
change of coordinates. It is well known (Householder 1964) that the eigenvalues of A, are

Ay =04 =-2-2 cosﬂ,lg s<n-1,
n

and they are simple. If n is an even number, then clearly A4 ,, =-2 is an eigenvalue and the

. . . T . .
corresponding eigenvector is V', , =(v,,v,,....,v, ) ; where for a given v, =+ 17,,1, isa 2x2

identify ~matrix with v :(—l)jvj,j =1,2,...,n—1.The eigenvalues of k L are
U, =0, 1, =2k .The set [], is a subspace of the generalized eigenspace corresponding to the
eigenvalues -2, ,a =0,1. We show that for any solution of equation (2.1) with an initial point
in [[,, there is oscillator death for all k& >k, and antisymmetric synchronization for

k €(0,k,). Consider the coordinate transformation given by

w,=z,-z,,1<j Sn—l,yleZjA (2.3)

J Jj+

If weletw = (w PW e W )T , then w and y satisfy the ODEs
W =kA®Lw +f (w,y)eR>7,

R , (2.4)
Y :;zj':lg(Z«/)ER ’
where

2 1 0 0 0 0

1 2 1 0 0 0
A= 0 1 =2 1 0 0 e R0, (2.5)

2 1
0 1 -2
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and the function
T
F(w,y)z(Fl(w,y), ....... ,FH(w,y)) ,
with
F, (w,y ):(g(zj)—g(zj“)), 1<j<n-1.
Taking an initial condition y,in the manifold [], we find that the solution of the second
equation in (2.4) is y =0 for all # >0and the governing equations reduce to the decoupled

system of the form
y =0eR’, (2.6)

Wo, =2kl ®Lw,;  +g (w,,)eR", 2.7)
2
where j =1,2,3,.......,(n/2).The solution w,; (¢)of equation (2.7) corresponds to

antisymmetric solutions of the system (2.1). To show the existence of k, we need consider the

case for n =2 let only as the system equation (2.7) is decoupled and the result for n > 2 will
follow easily. Let

a=a(k)=——2% _ tan2g=1-2k.

(1-2k) +1

We introduce a change of coordinates in equation (2.7) with n =2 given by

Ul (Vl+a 0 sing cos¢ 28
V)l oo Jl—g )\cosg sing s (2-8)

The equation (2.7) becomes

| 1-2k-2ksin2g  (1-2kcos2g) [
[Ulz{ (l—a)
V' (1-a) .
_(1 + 2k cos 2¢) 1-2k+2ksin2¢ (2.9

U+ —a(U-1?) U
- 2 1, } 17
-« V
in which the prime denotes differentiation with respect to time. In polar coordinates defines by

U=p(t)coso(t), V =p(t)sino(r),
equation (2.9) becomes

2
)2 =(1—ac0s20‘)(1—2k— P sz,

l-a (2.10)
o =—J1-a® +(1-2k)asin2o.
Solving p'=0 for p in the first equation in (2.10), one finds that
P =y(1-2k)(1-a?) @.11)

provided 1> 2k and « <1, is the radius of a unique invariant circle. & <0 when
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0<k <1/2 and
P{< 0, When p >P";
>0, When p<P .
Therefore P~ is the underlying point set if a limit cycle of (2.10) and attracts all of R> \(0,0) as
t — oo that exists when 0<%k <1/2. If we let w, = (r (t)cosO(t),r (¢ )), then it can be shown that
equation (2.7) with 0<k <1/2, admits a unique and asymptotically stable periodic orbit with
period 7' (&) and radius 7 («) given by

a __ 2 r(a (1—206)(1—0!2)
T () 1—(20{)2’ ( )\/l—acos2(9(1)+¢).

Clearly at k,=k =1/2,r =0; i.e. there is no oscillation. Simple analysis shows that for

k >k, the origin for system (2.7) is stable.

3. Two-dimensional lattice

We consider an n xn simple (or Bravais) square lattice. Let z,,1<i,j <n, be coordinate of the
(i,j)lh site oscillator and the matrix Z = [zij]_nﬂ. Let Z =(Z,,Z ,...Z,) with Z eR™,

1<r<n, as its rth column. Let vec Z denote the vector valued function of Z,and ® be the

Kronecker sum (See Graham 1981, for details on matrix tensor algebra).
The system of differential equations describing the dynamics on the n xn lattice is given by

Z=H(k)Z+G(Z), 3.1)
where H (k) =k [(A,®A,)®L |,andG (Z ):=| g (z,.j)]i’;,:l =(f (2,)f (Z,)sf (Z,)).
Equation (3.1) is symmetrically synchronization when z, =z #0 for all i . This occurs when
H(k)Z =uZ =0,Z #0 with =0 as an eigenvalue of H (k). Indeed, the eigenvalues of
H (k) are
O'(H(k))::{,u:,uz(/l. +1 ),ua,OSs,p Sn—l},
with 4,4, 4,, @ =0,1, as defined in section 2. Clearly x=0is an eigenvalue of H (k) and by

equation (3.1), there is symmetric synchronization. In this case, the plane will be ramified with
traveling-wave like pattern solutions to equation (3.1).

To facilities the understanding of other dynamics, we define some subspaces invariant to the flow
defined by equation (3.1). Here, we shall follow a trend similar to that in Mallet-Paret and Chow
(1995a, 1995b) where pattern formations are considered for LDE’s with a first order scalar ODE at
each lattice site. Let

Op={2:2,,=2,2,€0,1<j<n-1},
H,,gz{z z,, )z, €0, ISan—l},
H,,,,:{Z zZ,. 7.7 el i<j<n- 1}
MM,={z:2" ¢ }

We further make a coordinate transformation defined thus
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1< jn-1, andY :122_].. (3.2)

W.=7Z. -7
J J J n<

+1°

Using this in equation (3.1) we get :
W = k |:(In,1 ®L )W A+(A1 ®L )W In71:l+G~ (W ,Y )ERZn(n—l)

. L, . (3.3)
V=B (k)Y +37f (z,)er™,
where
/4 =(W1, N/ l),

GW.Y)=(G,(W.Y )G, (WY )),
with

GW.y)=f(2,)-f(2,,)1<j<n-1.
on the subspace ©,,

W ZOGRZH(n_l),
(3.4)

Y =Z,=f(2,)eR”,Be{l2,.....n}.
The system in this case is symmetrically synchronized and the dynamics are described by equation
3.4).
I(Drol)aosition 2.1. Let n be an even integer. Then there exists a constant &k, >0 for which the simple
lattice equation (3.1) is ramified with horizontal and vertical bands of antisymmetric solutions for
all k €(0,k,). Moreover, oscillator death occurs for & > k.
Proof. On [], and [I_,, we have horizontal and vertical bands of stripes respectively and their
flows are governed by the decoupled ODEs,

Y =0,

sz—l - 11 ®(B (k )_2k]n ®L )}WZ«/—I +f (Wlf—l )’ o

2
where 7, =(-1)"W,,_,, with j =1,2,3,..,n/2. Since all Z, €®,, equation (3.5) reduces to
n /2 decoupled ODEs. Thus

Wz_/+1 = (_2k1n QL )WZ_/—I +f (Wz_,;l): (3.6)

which upon the use of equation (2.7), Proposition 2.1 is proved with k =1/2.

Proposition 2.2. Let n be an even integer. Then there is a constant k&, >0 for which the lattice
equation (3.1) is ramified with checkerboard like solutions for all k£ € (O,k2 ) Moreover, oscillator
death occurs for k >k, .

Poof. The subspace [I_, represents vertical (horizontal) bands of symmetric and antisymmetric

oscillators. This subspace constituted a checkerboard. A unit square on a checkerboard is
constituted by four subsystems on a 2x2 square lattice. Within each square, the subsystems are of

alternate signs with their nearest neighbours. If z (t ) represents an oscillator, then
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2(t) = (1)

=z (1) =z ()
is the unit square. The entire checkerboard is defined by these squares that alternate is sign. The
subspace []__is invariant under the flow defined by equation (3.1) and its flow governed by the
solution of the »n /2 equations

W, =(~4kI @LW ,,  +f (W,,.). 3.7)

We notice that equation (3.7) is similar to equation (2.7). The proof of the Proposition 2.2 follows
easily if we replace & in equation (2.7) with 2k . We find that £, =1/4.

4. Three dimensional lattice

We consider an n xn xn simple cubic lattice. Let z 1< p,q,r <n, be the coordinate of the

pqr?
( p,q,r)lh site oscillator with its dynamics described by equation (1.1). We shall assume that the
coupling is to the nearest neighbour and the coupling forces are equal and acting along the axes of
the cube. Thus the z , oscillator can only interact with the oscillators z ., ., Z, ., ,»Z, 0>

six in all. Let Z:=(Z,,Z,,....,Z, )T where Z, = [z o ]n . The system of differential equations

p.q.r=l1
describing the dynamics of the entire lattice system is given by

Z=H(k)Z+G(Z), (4.1)
where H(k)=k[((A,®A)8(1,®4,))®L].G(2)=(G(Z))....G(Z,)) .
with G(Z,)= [g (z ar )L’qﬁl .

To determine the invariant subspaces available to equation (4.1), we find the eigenvalues of
H(k )and the corresponding eigenvectors. We have

O'(H(k ))::{,u:,uz((/ip +/1q)+ﬁ,r),ua, 0<p,q,r<n —1},
where 4,4, ,4,, u,, are as defined in section 2 with each 4, occurring with multiplicity n.

© g0 :{Z:ZJH =Zj’Zj €0y,1<) Sn—l},

n

{

o0 ={Z:Zj+l =(-1) 2,,2, €0,,1< sn_1},
Mo ={2:2,.,=(-1) 2,2, 11,15 j <n -1},
M ={2:2,,=(-1) Z,.Z, e, 1<) <n -1},
[y ={Z:Z=0}.

The system of equations defining the dynamics on these manifolds follows readily with the
coordinate transformation

W Z -Z,, 1<j<n-],

1o (4.2)
Y=—) Z.

n j=1 J

Using equation (4.2 in equation (4.1), we get
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Wik |[((A®1,)®(A,®A))®L |W+G(W,Y),

YoH(K)Y+LY" 6(z (4
=H (k) +;Z (J)’

Jj=1

where W=(Wo W, ) L G(W,Y)=(G,(W.Y).cn G, (W.Y))
with  G(W,Y)=G (Zj )—G (ZH), 1<j<n-1, on ©,,,W =0, and the flow is governed by
2,=G(Z,).p=1...n. (4.4)

We thus see that the system is synchronized
Proposition 3.1. Let n be an even integer. Then for all & € (O,k3 ) the simple three-dimensional

lattice equation (4.1) has layers of checkerboards. Besides, oscillator death occurs for £ >k, .

Proof. On the subspace []__,, the flow is defined by the solution of the decoupled equation

7>

Z, =—4k(I,®L)Z, +f (Zﬁl_ ),,B,j =1,ym, (4.5)
where  Z, is the i™ column of Z - Thus we shall have layers of checkerboards that persist for

0<k <1/4. Notice the similarity of equation (4.5) with equation (2.7). Thus replacing £ in
equation (2.7) with 2k we find that k£, =1/4.

Proposition 3.2. Let n be an even integer. Then there exists a constant k£, >0 such that for all
k € (O,k 4) the simple three-dimensional lattice equation (4.1), has sheets with vertical bands of
stripes of checkerboards. Moreover, oscillator death occurs for k£ > k.

Proof. On the subspace [1_,,, the flow is defined by the solution of the decoupled equation

Z, =2k (I,®L)Z, +f (Zﬁ ) B.j=1,..n, (4.6)

where  Z, is the i™ column of Z - Thus the entire system in the three-dimensional space is

composed of sheets with vertical bands of stripes. Clearly, we see from equation (2.7) that this
regime persists for 0 <k <1/n . Proposition 3.2 follows with &k, =1/2.

On [1,,,, the flow is defined by the solution of the n* decoupled equations in (4.6). The solutions

represent layers of sheets with horizontal band strips that persists for 0 <k <1/2.
Proposition 3.3. Let n be an even integer. Then there exists a constant k. >0 for which the

simple three-dimensional lattice equation (4.1) has layers of horizontal sheets with horizontal
bands that persist for all £ (0,k ). Moreover, oscillator death occurs for k > k.

Proof. On the subspace © ,, the flow is defined by the solution of the decoupled equations

W, ==2k(I,®L) W, +G (W, )j=12...n/2. (4.7)
Thus we shall have horizontal bands of synchronized sheets, like a “stack of sandwiches” that
persists for 0 <k <1/2. Proposition 1.1 follows with £, =1/2.
On []

Proposition 3.4. Let n be an even integer, then there exists a constant £ _ >0 for which the simple

the flow is governed by equation (4.7) and we have sheets with horizontal bands.

Onr >

three-dimensional lattice equation (4.1), has layers of horizontal sheets of checkerboards that
persist for all k €(0,k ). Moreover, oscillator deaths occur for k >k .

Proof. On the subspace [ __, the flow is defined by the solution of the decoupled equations

V772

W, =4k (I, ®L)W,, ,+G(W,,,).j =12,...n/2. (4.8)
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Thus the entire system in three-dimensional space is composed of layers of horizontal sheets of
checkerboard. This dynamical regime persists for 0<k <1/4. Proposition 3.4 follows with
k,=1/4.

5. Discussion

In LDE’s on the Bravais lattices given in equations (2.1),(3.1) and (4.1) the coupling matrices
B(k),H (k),{H }(k) have A4,=0 as an eigenvalue. Thus any solution to these equations that

pass through a point in the generalized eigenspace corresponding y, 4, ,v =1,2,3, respectively,
shall be symmetrically synchronized. That is, they shall be in the set ©,,0,,,0,,,,respectively.
For an even number of oscillators in the bravais lattice, the coupling matrices have 4 , =-2 as an

eigenvalue. From equations (2.7),(3.7),(4.5), we see that any solution to equation (2.1),(3.1),(4.1)
through a point in the generalized eigenspace belonging to A, =-2 will always be antisymmetric

for some coupling strength k :0<k <k and there shall be oscillator death for & >k . Thus
simple Bravais osillators with each osillator as given in equation (1.1) can either lead to
synchronization or oscillator death depending on the initial conditions and the strength of coupling.
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