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ABSTRACT: This paper deals with boundary feedback stabilization of a system, which

consists of a wave equation in a bounded domain of R", with Neumann boundary
conditions. To stabilize the system, we propose a boundary feedback law involving only
a damping term. Then using a new energy function, we show that the solutions of the
system asymptotically converge to a stationary position, which depends on the initial
data. Similar results were announced without proof in (Chentouf and Boudellioua,
2004).
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1. Introduction

et O be a bounded open connected set in R” having a smooth boundary I =0 of class C*.

Given a partition ( r,I, ) of I", consider the following wave equation:

Vo (x.t)=Ay (x,0)=0, in Qx(0,) (1.1)

with Neumann boundary conditions and initial conditions
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Oy

%(x,t):o, on Fox(O,oo),
%(x,t)zU(t), on T, x(0,0), (1.2)
¥ (x,0)=y,(x), y, (x,0)=z,(x),

where U is the unit normal of I" pointing towards the exterior of {2 and U is a feedback law to be
determined. Note that I'; is supposed to be nonempty whereas I' ) may be empty.

As in Chentouf and Boudellioua (2004), we propose a feedback depending only on a damping term,
that is,

U(t)=—a(x)y,(x.t), (x,)el, x(0,00) (1.3)
where a € L” (Fl) satisfies a (x ) >a, >0 forany x €I',. Then, it is proved that the solutions of the

closed loop system asymptotically tend towards a constant depending on the initial data ), and z ;.

There is a rich literature concerning the stabilization problem of the wave equation (see for instance
Bardos et al. (1992), Chen (1979a, 1979b, 1981a, 1981b), Komornik (1994), Lax et al. (1963), Lagnese
(1988), Lions (1988a, 1988b), Morawetz (1975), Quinn and Russell (1977), Triggiani (1975) and the
references therein). In all references cited above, at least one of the following conditions is assumed to be
satisfied:

e The equation (1.1) involves also the displacement term y.
e The stabilizing feedback law U (t ) contains not only a boundary dissipation term ), but also the
boundary displacement y .

e The first boundary condition in (1.2) involves the displacement term )’ (the boundary condition (1.2) is

replaced for instance by y =0 or Zlu+y =0onT, X(O,oo).

The main contribution of this paper is to provide an alternative proof of Lagnese's result (1983) by means of
a simple and direct method. The key idea of the proof is to introduce a new energy norm (see Chentouf and
Boudellioua (2004) for similar systems and Conrad ef al. (2002) for one-dimensional wave equation).

2. Preliminaries and Well-posedness of the Problem

In this section, we study the existence and uniqueness of the solutions of the closed-loop system (1.1)-
(1.3). Assume, without loss of generality, that for any x € F1 , a (x ) =a ,where @ is apositive constant.
Then, consider the state space

H=H'(Q)xL*(Q), ®)
equipped with the inner product
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<(y,z)()7,f)>H :IQ(VyV)'i +zf)dx

+g(jgz dv+ | a dc)(jgidx +f @ dcs),

where & > 0 is a constant to be determined.
The first result is stated in the following proposition:

Proposition 1. The state space H = H' (Q) xL* (Q) endowed with the inner product (2.1) is a Hilbert

space provided that & is small enough.

@.1)

Proof of Proposition 1. It suffices to show that the norm ” . ” - induced by the inner product (2.1) is

equivalent to the usual one ” . ” (@ , that is, the existence of two positive constants K and K such

L3 (Q)
that

L D PR CRED FES Y D @2)
Applying Holder's inequality and using trace Theorem Adams (1976) (see also Mikhailov (1980)) yield:

H(y ,Z )HZ < IQ(|Vy |2 +[1+28mes (Q)] z |2) dx

2 2 2
+2&a°C mes (Fl)(IQ(|Vy | +(1+23)|y | ) dx ),
where C , is a positive constant depending on Q (see Adams (1976) or Mikhailov (1980)). Therefore (2.2)

holds for a positive constant K depending on ¢,a,mes ('} Jandmes (Q).

For the reverse inequality, we proceed as follows:

o), = J (1wl +lF) i +o([ = a )15( [ o d(,)z

+2€(J.rlay a’c)(J.dex).

Obviously for any 0 > 0, , Young's inequality yields

2 2
2(‘[r ay dG)(IQZ dx ) >—q5" (IQZ dx ) —aé'(jr y dcs) . (2.4)
Combining (2.4) and (2.3), we get

H(y,z )Hzﬁ ZJ.Q(|Vy |2 +|z|2) dx +g(1—a5"l)(jgz dx )2 +ga(a—5)(_[rly dc)z. (2.5)

Furthermore, using a classical compactness argument, one can show the following generalized Poincaré

inequality:
2
J.Q|y |2dx <C, {LJV)/ |2 dx +(L1y dcs) },

where C, >0 depends on €. This, together with (2.5), implies that

2.3)
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H(y ,Z )H; ZJ.Q{[ga(a—é')C;l]y |2 +[1—8a(a—5):||vy |2 +|z |2}dx

+€(5—a)5_1 (IQZ dx )2 ,

for any O <a . Finally, applying again Holder's inequality to the last term in (2.6), one can show the

(2.6)

existence of a positive constant K depending on a,0 and mes (Q) such that the second inequality in

(2.2) holds, provided that O <a and & satisfies the following condition

a min(a(al—é') ’ (a—5)iaes (Q)j'

This concludes the proof of Proposition 1. ]

We turn now to the formulation of the closed-loop system (1.1)-(1.3) in an abstract form on H . Let
z (-,t)zyt (-,t )and@(t)z (y (-,t),Z (-,t )) Then, the closed loop system can be written as

follows
D (t)=AD(t),
{ ()= A0 (1) "
D(0)=y =(yg.2,),
where A is an unbounded linear operator defined by
(y.z)eH'(Q)xH'(Q); Ay e L*(Q);
D(4)= , (2.8)
( ) @:OOnFO; al+az:00nl“l
ov ov
and for any (y,Z)GD(A),
A(y,z):(z,Ay ) (2.9)

It is a simple task to check that the operator —A4 , defined by (2.8)-(2.9), is maximal monotone. Therefore,
it follows from semigroups theory Pazy (1983) (see also Brezis (1992)) that:

Lemma 1. (i) The linear operator A generates a C o Semigroup of contractions S (l‘ ) on H=D (A )
(ii) For any initial data @, =(y0,ZO)€D(A ), the system (2.7) has a unique strong solution

(D(t)=(y (~,t),y[ (~,t)) =S (t)CDO eD (A) for all t >0 such that ‘D() =(y Y, ) e
C' (R+;H ) NC (RJr;D (A )) . Moreover, the function t +> H A (D(l‘ )HH is decreasing.

(iii) For any initial data @, =(y0,ZO)GH, the system (2.7) has a unique weak solution

(D(t)=(y (~,t),y[ (~,t)):S (t)CDO € H such that (I)(-)Z(y,yt)ECO(RJr;H).
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3. Asymptotic Behavior

In this section, we will show an asymptotic behavior result for the unique solution of (2.7) in the state
space H =H' ( Q) xL* (Q) . To do so, we shall first show the following lemma:

-1
Lemma 2. The resolvent operator (/U —A) :H — H is compact for any A >0 and hence the

canonical embedding i : D (A ) — H is compact, where is equipped with the graph norm.

Proof of Lemma 2. Let (f,g,)EH . We seek (y,Z)eD(A) such that (1 -4 )(y,Z)Z(f,g).
Equivalently,

z=)y _fv

Ay -y =—(f +g),

al=0, on I'y,
ov

él+qy =daf, on ['},
ov

y eH'(Q); Ay e L*(Q).

Using Lax-Milgram Theorem (see Brezis (1992)), one can readily show that the above system has a unique

solution and thus the operator (I —A )_1 exists and maps H into D (A ) . Finally, by using Sobolev

embedding, we deduce that (I -4 )_1 is compact. The proof of Lemma 2 follows then from the well-
known result of Kato (1976). u

The main result of this paper is:

Theorem 1. For any initial data, @ ;= (yO,ZO) € H, the solution CD(t ) :(y (-,t),yt (-,l‘ )) of
(2.7) tends in H to (C,O) as t — +o, where

C :{ames (Fl)}_l(jgzo dx +Irlayo dcs) .

Proof of Theorem 1. By a standard argument of density of D (A 2) in H and the contraction of the
semigroup S (t ), it suffices to prove Theorem 1 for smooth initial data @ = ( Vo2 0) eD (A : ) . Let

)] (t ) = (y (-,t ),yt (-,t )) =S (t ) @, be the solution of (2.7). It follows from (ii) of Lemma 1 that the

trajectory of solution {CD (t )}l>0 is a bounded set for the graph norm and thus precompact in H by virtue
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of Lemma 2. Applying LaSalle's principle, we deduce that @ (CDO ) is non-empty, compact, invariant under
the semigroup S (¢ ) and S (2 )@, — @ (P, ) as t —> oo [10]. In order to prove the strong stability, it
suffices to show that @ (®,) reduces to (C,0). To this end, let D, =(7,,7,) e @(®,)=D(4)
and @ (l‘ ) = ()7 (~,t ),fr (-,t )) =S (t )d)o eD (A )the unique strong solution of (2.7). Recall that it is

well-known that H&) (t )HH is constant Haraux (1991) and thus j—t(ué (t )HZ ) =0, ie.,

<AD,d >H=—J.Fla|z|2d0=0. 3.1
This implies that Z =, =0 on I'| and therefore y is solution of the system
System:

.)7[1‘ _A); =0,

0

X _ s onl,,

ov

. oy

v, ==—=0, onl, (3.2)

ov

z,—Az =0,
%:O, onl',,
v
~ (3.3)
izai:O, onl,
ov
5(0):50, z, (O):A)FO

Obviously, to deduce the desired result, it suffices to show that } = constant is the only solution of (3.2).
To do so, we first use the standard Holmgren's uniqueness theorem (see John (1982)) for the system (3.3) to
conclude that z = 0. Thus the system (3.2) is reduced to the elliptic problem:

Ay =0,
o
DX _ 0, on T,
ov
which clearly yields that ¥ = constant. This, together with (3.1), implies the desired result. ]
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Remark 1. Integrating with respect to X and t and using Green formula for the closed loop system (1.1)-
(1.3), we obtain the following identity:

Igyt dx +Llay do = Igzodx +Irlay0 do.
Furthermore, if the initial data ( V-2 0) satisfies the additional condition
Iondx +Irlay0dc5 =0,

then the constant C of Theorem 1 is zero, i.e., (y (~,t),yt (~,t )) - (0,0) in Has t > +.
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