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ABSTRACT: We consider the synchronization and persistence of a system of identical lattice
oscillators that are diffusively coupled to their nearest neighbours. Each subsystem has a
compact global attractor. This is done in the framework of invariant manifold theory. Normal
hyperbolicity and its persistence are applied to obtain general conditions for the stability and
robustness of the synchronization manifold.
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1. Introduction

here has been great interest in the synchronization of coupled oscillators on a one dimensional integer

lattice. Aside from the mathematical interest in the problem, coupled oscillators occur in physics,
engineering, communications, signal processing and many other areas see for instance (see for instance
Afraimovich et al.(1992), Cuomo (1993) and Oppenheim (1993), and references therein. In electrical circuit
theory, much work is due to Chua and Roska (1993), in particular in the studies of cellular neural networks
(CNN). Metallurgy is another area where lattice systems are found ( see for instance Cahn (1960)). Basic to the
study of synchronization, two fundamental questions are of interest. The first is to do with the stability of the
synchronization state of the system and the second is its robustness. Robustness of the synchronization state is its
ability to be insensitive to small perturbations in the system that generates it. For coupled identical systems, the
diagonal of the system is invariant. Synchronization is equivalent to the attracting property of the diagonal,
which in turn is determined by the Lyapunov exponents normal to the diagonal. More specifically, if all the
Lyapunov exponents normal to the diagonal are negative, then the coupled oscillators are synchronized. In
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practice, for instance in the implementation of some model, various perturbations are unavoidable. Moreover,
numerical computations of model equations deal with solving “perturbed models”. For this reason, it is natural to
address the question of not only the stability of the synchronization manifold but also its persistence or rather
robustness under perturbations.

Much of the work on synchronization is on one dimensional lattice and deals mainly with its stability (see
for instance the classical paper of Fujisaki and Yamada (1983)).
Normal hyperbolicity and the generalized Lyapunov exponents have been used to establish conditions for the
stability and persistence of synchronization manifold for two dissipative systems each with a compact global
attractor (see for instance Chow and Liu (1997), Josi¢a (1977)). There is less repertoire on this subject in the
two- and three- dimensional lattices. The problem we consider in this paper therefore, is concerned with the
synchronization, stability, and persistence of oscillations of a system of ordinary differential equations (ODE's)

indexed by points in an m-dimensional integer lattice ZT ,Me {1, 2} . This system is what we shall refer to as

lattice differential equations (LDE's). By a lattice oscillator, we mean a system of LDE's with every lattice point
having an attracting periodic orbit ( see for instance Chow and Liu (1997), Wasike (2003)). We look at these
two phenomena for oscillators that are linearly and symmetrically coupled via a diffusion-like coupling to their
nearest neighbours on m-dimensional lattices.

This is how we approach this problem. We set the problem in the framework of dynamical systems and
then consider the two aspects of synchronization based on invariant manifold theory. In particular, we shall
apply the ideas of generalized Lyapunov exponents and normal hyperbolicity as defined in Fenichel (1971), and
Hirsch et al. (1977) respectively. This approach will enable us to compare the rate of growth in the transversal
direction to the synchronization manifold and that along the manifold. We first look at the one-dimensional
lattice, then proceed to the two-dimensional case. Most of the definitions basic terminology and some results will
be given in § 2 while §3 deals with a two dimensional lattice. In every case, we give conditions that guarantee
synchronization of oscillators and the stability of synchronization manifold under perturbation. We also give
conditions under which the synchronization manifold is robust. §4 is the conclusion.

Let us suppose that the dynamics at every lattice site i is governed by the system of ODEs

4=9(z). (M)

number of oscillators, € Cr(Rd ,Rd ), r>1.

Suppose that, for each i, there is a compact global attractor for Equation (1); that is, there exist a compact set
which is invariant under the flow defined by Equation (1) and the

@ -limit set for each orbit of Equation (1) belongs to this set.

We shall now couple these systems to obtain one- and two-dimensional lattices.

2. One dimensional lattice

Now let us couple the N > 2 identical subsystems in Equation (1) to yield

2=B(k)z+ f(z)=:X(z,k), 2)

T
where Z = (Zl s Ly yeenene »Zn ) with T denoting transpose, Z; denotes the coordinates of a point on the lattice,

B(K) a real symmetric matrix depending on the coupling strength K > 0, describes the coupling configuration.
If we consider symmetric nearest neighbour diffusive coupling on a linear lattice (m = 1) with Neumann
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boundary conditions and assume that oscillators influence each other equally (k=constant), then

B(k)=k A, ® I, with

-1 1 o 0 ---
1 -2 1 0 -
o 1 -2 1 --0 0 0
Al: : - Dot : : ERnxn’ 3)
1 -2 1
0 1 -1

Kronecker product.

Definition 1. Equation (2) is symmetrically synchronized if there exists a compact diagonal-like, smooth d-
manifold My that belongs to the manifold

_ nd., _, _ _
Ml—{ZER 12 =2) == 7, ¢O}.
Ml has a boundary and is inflowing invariant and locally attracting.

We refer to this set as the “diagonal” or the synchronization manifold in Rnd , (see for instance Hale
(1997)). For the system to be synchronized, the diagonal |\/|1 must be invariant and attracting under the flow

defined by Equation (2). In many applications, we are usually interested in local synchronization; that is, instead
of requiring global attraction of Ml’ we seek for local attraction. In this case we will say that the system in

question is locally symmetrically synchronized.

Let us suppose that System (2) has a compact global attractor Mk for each k. We say that Equation (2) is

symmetrically synchronized if its solution z is in the set M for all t 2 0; thatis, M| < M;. M needs to

persist under perturbation for synchronization to be of physical interest.

Definition 2. Let X (Z, k) be the vector field defined in Equation (2) and X (t, k) be its perturbation, then;
synchronization manifold Mk is C! stable or persistent if for any €> 0, there exist & > 0 such that for any
‘X~ (Z, k)— X (Z, k)‘ Cl< O and the system

7(t) =X (2. k)
is locally synchronized with the synchronization manifold M  such that

‘Mk—Mk‘Cl<e.
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We say that the synchronization manifold is Robust if € <<1.

Very often in the study of synchronization, systems have a natural invariant submanifold. A necessary and
sufficient condition for such synchronization and persistence is normal hyperbolicity Mané (1977). The
manifold M K is normally hyperbolic if, under the dynamics linearized about the invariant manifold, the growth
(decay) rate of vectors transverse to the manifold dominates the growth (decay) rate of the vectors tangent to the
manifold, that is; the expansion (contraction) of the flows in the direction normal to the manifold is
exponentially greater than the expansion (contraction) of the flows tangent to the manifold (see for instance
Hirsch etal. (1977), Mané (1977)).

The growth/decay rates of vectors can be characterized in terms of Generalised Lyapunov exponents
determined from the linearized equations of motion around the synchronization manifold (see for instance
Fenichel (1971), Wiggins (1994)). Let us make this more precise.

Consider the linearization of Equation (2) along the manifold M K
Z:A(z(t;zo))z, 4)
where Z (t 32, ) is the solution of Equation (2) with Z (0 52, ) =z, M, A2)= Jf (2) is the Jacobian

matrix of f at z. Assume there is an invariant splitting of the fundamental matrix solution of Equation (4),

Y - nd _ . _
D (t:zg): that is, T,R" =T,M, ® N, for ze M. d(t; ZO)TZOMK_TZ(LZO)MK, and

CD(I; ZO) N, =N ) forall and te R, Let D, (t ;ZO) and Dy (t ;Zo)denote the restrictions of

Zy z(t,z0

O (t 32, ) on TZO M, and N Z, respectively, where TZO M, and N z,, are the tangent and normal vectors to

M K at Z respectively and € indicates the direct sum of the two vector spaces.

Definition 3. The generalized Lyapunov exponents for )€ M  are defined as

. 1
a(zo)=11rtn_§g)p¥ In HCDS (t;20 )], 5)
,B(ZO)= limsup In H ®s (20 )H (6)

t—o lnm(d)C (t;zo ))’

where, for a linear operator L, m(L) = min { |L X| : | X | =1, Xe D(L) }, D(L) is the domain of the

operator L.
The generalized Lyapunov exponents have been used in the study of normally hyperbolic invariant
manifolds (see Hirsch et al. (1977), Fenichel (1971), Chow and Liu(1997)). The uniformity Lemma in Fenichel

(1971) states that @ and /3 achieve their maximums on M K- For this reason we need to show that there exists

an invariant manifold Mk in the solution space of Equation (2). We describe this manifold in appropriate

coordinates that display vectors transverse and tangent to it. Since we are considering coupled identical
oscillators, the diagonal is invariant. We therefore show that the matrix Al has zero as an eigenvalue with the
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corresponding generalized eigenspace that belongs to the diagonal in Rnd and the other eigenvalues are
bounded to the left-hand side of the complex plane.

As a consequence of the preceding statement, the following hypotheses about B (k) are made:
H, For each K, B(k) is self adjoint, /10 =0 is an eigenvalue of B(k) with the corresponding generalized
eigenvectors €, VEC (l, | l) e R™ whose span is the diagonal in RN
H, For N > 2, there exist a kO and a bounded set U € Rnd such that for each kK > kO’ Equation (2) has a

global attractor Ak eU.
Let us now show that Equation (2) satisfies the two hypotheses. Clearly the eigenvalues of B (k) are Z’O =0

Y4
and Ag =-K (2 +2cos —j, S=1,2,...n—1 (see for instance Lancaster and Tismenetsky (1995)). Hence
n

H; is satisfied. For H, we have to make a coordinate transformation that we now describe.
From H; we can introduce a new coordinate system

. =7.—17. <i<n-
W =Z; zHl,l_J_n 1,
l<n (7)
y=— Zi,
n ijl J
where € j is the usual unit vector in R" with zeros except for 1 at the j™ position and & ji= ZJ €, —ie,
i=1 n

with € =(§1,§2, ...... é ) The set e,éj, 1< j<n—1 is an orthogonal basis for R".

Using transformation in (7) in Equation (2), we obtain

W=k(A® 1y ) w+ F(w,y),

=13 gz).

n j=1

®)

T
where the function F (W, y) = (Fl (W, y), F2 (W, y), ....... 5 Fn_1 (W, y) ) with

Fj (W,y)= (g (Zj )— g (Zj+1 )), 1 < j<n-1, andthe matrix Ais given by
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-2 1 0 0 0O o 0
1 -2 1 0.0 O 0
A O 1 -2 1 - '0 O .0 ER(n 1) x(n —1).
o o o o0 -1 =2 1
o o o 0 -0 1 -2
The eigenvalues of Aare Ag = =2 —2cos S—”, s=1,2,3,..... ,N —1, (see for instance Lancaster and
n

Tismenetsky (1995)). Since the matrix Al has zero as an eigenvalue and other eigenvalues are bounded to the
left-hand side of the complex plane, Equation (8) satisfies H; and H, hence there exists an invariant manifold
M K of Equation (8) containing the attractor Ak and attracting bounded sets of Rnd (see Hale (1997)). As the
coordinate transformation in Equation (7) is linear, it follows that Equation (2) satisfies H..

The first equation in (8) describes the motion transverse to the synchronization manifold Mk; that is, it

describes the deviations Z; —Z j+1- Synchronization means that the deviations dampen out as { — 0o, From

J
the first equation in (8), this is equivalent to saying that {W = 0} is exponentially stable. Since we are interested

in local synchronization, the criteria of local attractivity of the synchronization manifold and its persistence is
determined by the ratio of the growth rates of vectors transverse and tangential to it. The following theorem
relates robustness and Lyapunov exponents.

2.1 Main results

In this section, we state and proof a theorem that relates robustness and Lyapunov exponents. For this
purpose, we shall need some results due to Chow and Liu (1997). These results make use of the well-known
theorems in invariant manifold theory regarding persistence of invariant manifolds, (see for example, Fenichel
(1971), Hirsch etal. (1977), and Mané (1977)) and they are stated thus:

Lemma 1 (Chow and Liu (1997)). Consider Equation (2) and suppose that the synchronization manifold M K
is invariant, then if a(zo) <0, for all Z, € Mk,then the manifold Mk is attracting and hence (2) is
synchronized.

Lemma 2 (Chow and Liu (1997)). Suppose that Mk is locally synchronized, then the synchronization is

C' table if and only if a(zo)<0 and ,B(ZO)<1foraII z,eM,.

Theorem 3. If Equation (2) satisfies H; and H,, then there exist a k0 such that for all k > kO, there is a

positively invariant synchronization manifold M K that is attracting and C1 stable or persistent.

Proof. Characterizing growth rates in the fashion described above requires knowledge of the linearized
dynamics near orbits on the invariant manifold as t — oo,
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Linearization of (8) along the solution (0, Y, (t)) which corresponds to (W(t), y(t)) € M, yields
W) [1ho ® D29 (¥o (1)) +ka® 1y 0 w
[y} 0 D, 9(Y, (1)) [yj

Where D, g (Yo (t))=3 (Y, (t)) is the Jacobian matrix of g at Y (t) the solution of Equation (1),

©)

Notice that there is a continuous invariant splitting of TR M,; TR

Mk =T|\/|kC-BN, where

@ refers to the Whitney sum of the tangent and normal bundles. Since System (9) is uncoupled and
|n_1 ® D, 9 (yO (t)) and KA ® | g commute, the fundamental matrix solution of Equation (9) is of the form

W(t) N e(kﬂs+ﬂ1)t 0
(y(t)]~ 0 o

where Ag,1<s<nd—d are the eigenvalues of the coupling matrix A ® | q and ﬂ.l ,1<1<d, are the

= (t:zo), (10)

Lyapunov exponents of the trajectories defined by Y = D, g ( Yo (t)) y.
The invariant manifold{W = 0} is generated by the second equation in (9). Therefore @, ('[, Z, )

t k t
corresponds to e/11 while D¢ (t, Z )corresponds to e( ASMH) .

. T
The maximum eigenvalue of A is 2’1 =—4 Sln2 2— and hence
n
a(zo) ::(—kg”1 + Ay ),
where ¢ 1°= —/11 is the maximum eigenvalue of the coupling configuration and /1M is the maximum Lyapunov

exponent defined by ¥ = D, g (Y, (t))y in M. Thus by Lemma 1, {W = O} is attracting and the coupled
z 0 k

1
system is locally synchronized if a(Z, )< 0;that is, k satisfiesk > — Ay, . To insure robustness of the
0 M
1

synchronization manifold, the condition for normal hyperbolicity must be satisfied. M K is robust if and only if

for all Zy€ Mk’
sup |05 (11 )| <nf m(@e (1))
0 0

(see for instance Hirsch et al. (1977) page 10). This is equivalent to saying that

. O (t’ZO)
1
B(zy) e’ I (@ (L, Zo))

In

<1.
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By Lemma 2, we require that o ( Z, ) < 0and ,B(ZO ) < 1; thatis,
g — K&
ML,
/1m
where A is the minimum Lyapunov exponent defined by Y = ng(yo ) y in M. This is satisfied if

1 . .
k >—(/1M -Am ) Thus we conclude that for synchronization, stability and robustness of the

1

synchronization manifold M K ,K must satisfy the inequality

k > max i(/lM,zM ~2m)
1

1
Taking kO = max g—(lM ’ﬁ“M — ﬂm) completes the proof.
1

3. Two dimensional lattice oscillators

In this section we study the existence and stability of the synchronization manifold and its persistence.
Results similar to those of one dimensional case can be shown to hold. All that one needs is to show that a
synchronization manifold exists and make appropriate coordinate transformation which decomposes the flow
along the invariant manifold into transversal and tangential flows and study the condition of normal
hyperbolicity using generalized Lyapunov exponents.

Let us consider an NX N simple (or Bravais) square lattice. Let Z; i S Rd , 1<, j<n, be the coordinate of

n
the (ij)" site oscillator and the matrix Z := [Zij:| € Rnd xnd . Also let Z = (Zl ’Z2’ .......... ,Zn) with

i,j=1

Zr S Rnd ,1 <1 <nbeits ™ column. We therefore define the vector valued function of Z as

Z ]
z n2d, Zy =(2y,2,,, 2
vecZ=| 2 |eR r (32 e )
Zn
We also define the Kronecker sum of Al with itself as:
A®A =A® I +1,®A,,
(see, for example Lancaster and Tismenetsky(1985) for details on matrix tensor algebra).
Let us couple the subsystems Zi i = g (Zi j )thus:
Z=k| (8 ®14)Z+2A |+G(2), (12)
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where

G(Z):z[g(zij)}zzlz(f(Zl),f(Zz), ........ f(Za)).

This type of coupling corresponds to symmetric nearest neighbour diffusive coupling on a simple square lattice
with Neumann boundary conditions.
Writing Equation (12) in vector notation we obtain:

vec Z =B (k) vec Z+vec G(Z), (13)
where the matrix B(k) :ZK(AI DA, )® Id .
For System (13) to be synchronized, the diagonal must be an invariant set which will be the case if all

the g(zij) are the same, and B(k)has zero as an eigenvalue with the diagonal as the corresponding

generalized eigenspace. In this situation, we must also have all other eigenvalues of B (k) less than zero. We

therefore make the following assumptions on B(k). H; For each k,B(k) is self adjoint, ﬂ“O =0is an
. . . . . A nzd
eigenvalue of B (k) with the corresponding generalized eigenvectors € = VEC (1,1, ........ ,1) eR whose

2 2
span is the diagonal in RN . HyFor N > 2, there exists a kO and a bounded set U € R™ Y such that for

each kK > kO’ Equation (13) has a global attractor A% eU.
It is trivial to show that Equation (13) satisfies Hs;. Symmetric synchronization occurs when

B(k)vecZ =Avec Z=0, Z #0. Thus we require that A =0 be an eigenvalue of B (k) Indeed the

eigenvalues of B (k) are

O'(B(k))ZZ{/JSp ‘ﬂsp 2(% +/1p)k, 0<s, pSn—l},
with

A =0, A, =—2-2cos2%, Fos.p 1 <E<n—1
0 2n

each occurring d times, the order of Id’ The corresponding eigenvector to A =0is given by

2
V= Col(l, | SO , 1) e R . The synchronization manifold corresponds to the span {V } that we define as
follows:
2. _ _ i _
MT={Z]Zj=2;,.Z;eM, 1< j<n-1]

Thus Hs; is satisfied. To proof that H, is satisfied, we need to make a coordinate transformation. The
transformation used in one dimensional case can be rewritten to suit the two dimensional case as follows.

_ : nd

1 n nd (14)
YZ;ijlzy Y eR

j+1°
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T
where Y = ( Y1 Yoo ; yn) > with yj = zr-lzlzi,j'

J
Let € be as defined in §2, and € be the usual unit vector in R".  The set e,éj ,1<J<n-1 is an
orthogonal basis for R n , and in this basis we can write Z as
vec Z=e ®Y +(8 ® 1, )vec W, W e R4, (15)
where W := (W1 ,Wz, .......... ’Wn—l) with Wj IS Rnd ,1<j<n—1 asits ™ column.

Using Equations (14) and (15), Equation (13) satisfies

vec W =k [(A1®A)®Id]vecW+veclf(W,Y),
; l <n
Y:kA1®IdY+EZj:1f(Zj),

where F (W) = (Fy (W, ) By (WY ), wit B (WY) = £(2)) - 1(2).

(16)

Since the matrix B (k)has zero as an eigenvalue and other eigenvalues bounded to the left hand side of the

complex plane, Equation (13) satisfies H3 and Hy hence there exists an invariant manifold le of Equation

2
(13) containing the attractor A% and attracting sets bounded sets of R" d ( see Hale (1997)). The first equation
in (16) describes the transverse motion to the synchronization manifold, M l% , and the second equation describes

the motion tangent to the manifold M E . Symmetric synchronization is equivalent to Zpg ~Zrs— Oas

t —> oo, for all P,q,r,S. This means that W — Oas t — oo . This implies that the synchronization
manifold is attracting.

3.1 Synchronization and persistence of le

Since our interest is local synchronization of the invariant manifold, we shall seek to show that the
manifold is locally attracting. The manifold le is attracting if the Lyapunov exponents of the flow defined by

the first equation in Equation (16) are less than zero.

Theorem 4. If System (13) satisfies H; and H,, then there exists a k0 such that for all k > ko,there is a
positively invariant synchronization manifold ME that is attracting and C1 stable or persistent.
Proof.  Linearization of (16) along M f ; that s, (W(t) , Y (t)) = (O’YO (t)) , where

Yo(t):= (ym (t)), Yoo () sevees Yo (t)) , a solution to Equation (12), gives
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(Vec Wj [k (A @A)® 1y +1,_,®DG(Y, (1)) 0 (VecW] -

Y 0 DG (Y, (1)) Y
where DG (YO ('[)): =1, ®diag D, g (yO (t)), is the is the Jacobian matrix of fat Y (t).

2 2
Notice that there is a continuous invariant splitting of TR" d,T RNd le =T|V||% @ N, where

2 n?d—nd nd A . .
™M eR andNeR"™ . From Lemma 1, W =0is locally synchronized if the maximum
Lyapunov exponent of the trajectories defined by the first equation in Equation (17) are negative.  Since
Equation (17) is uncoupled, and the matrices k(A1 @ A) & Id and |n_1 ® DG (YO (t))commute, the
fundamental matrix solution of Equation (17) is of the form

vec W (t) e[k’lé A ]t 0 .
Y(t) ~ o ._CD(t,zO),
0 e

where ki;,l <Z <n’d-nd are the eigenvalues  of k(Al @A),ﬂi,l <i<n’d-nd and

/1i .1 < j< nd are the Lyapunov exponents over M E . The maximum eigenvalue /i ¢ of Al @ A'is the

maximum ~eigenvalue of A;:=0 plus the maximum eigenvalue of A:= fl; that is,

2 ST

=&, :=—4sin o —&|. Let Ay, and Ay be the maximal and the minimal Lyapunov exponents over

M E cM % . Then from the definition of Lyapunov type numbers in §2, we see that
v ke

Thus by Lemma 2, the synchronization manifold M l% is robust if k satisfies the inequality

OC(ZO)Z—kfl+ﬂ,M and ﬂ(ZO)z

k > max i(/lM,/iM ~2m)
o1

1

Taking kO = max f—(/lM s A — /?,m) completes the proof.
1

4. Conclusion

We have observed that persistence of the synchronization manifold crucially depends on the relationship
between the dissipativeness of the individual oscillators and the coupling strength. There is a critical value of the

coupling strength, kO’ above which the robustness of the synchronization manifold is guaranteed. The

synchronization manifold needs to be normally hyperbolic and invariant in order for it to be robust. The proof
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for the condition of robustness depends on the coupling configuration and persistence of normal hyperbolicity.
This work can easily be extended to three dimensional cases.
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