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     اتجاه مغناطيسية مواد الأنثنايدس 

        كارلو كاربوني ، إيمان العبري و سيد العارفين 

 الانثنايدس عند درجة حرارة صفر وإعتماده على التفاعلات الكهربائية و أيوناتتم فحص إتجاه مغناطيسة  :خلاصة
  تغير نسبة التفاعلاتللمغناطيسية واعتمادها على  وجدت الاشكال التي توضح الإتجاه8 الى 3 من  Jلكل قيم . المغناطيسية 

 تم  كما.لشدة المجال البلوري والتي تمثل النسبة بين الحد الرابع والحد السادس   x و النسبية R  المغناطيسية للكهربية
الالتفاء و فقد وجد أن تغير الاتجاه يتم تدريجيا عند بعض خطوط . للمغناطيسيةطوط تلاقي الإتجهاهات المتعدده فحص خ

تم مشاهدة نوعين من السلوك عند القيم الحرجة  . x و  R حرجة للمتغيراتيكون التغير فجائيا عند قيم الاخر عند البعض 
 وهناك حدود عند القيم الحرجة يكون فيها اتجاه المغناطيسية في مستوى وفي جميع الاتجاهات والنوع x و  Rللمتغيرات 

وفي الحالة . ن اتجاه المغناطيسية ممثل في اتجاهين حسب الاتجاهين للتركيب البلوريالاخر يكون لبعض الحدود ويكو
   . الأخيرة تكون منطقة قريبة من الحد يكون فيها اتجاه المغناطيسية غير مستقر

 
ABSTRACT: The zero temperature direction of spontaneous magnetisation of lanthanide ions at 
a site of cubic symmetry is investigated as a function of the electrostatic and magnetic 
interactions. For all the values of J between J = 3 and J = 8, two-dimensional diagrams giving the 
orientation of spontaneous magnetisation are obtained as a function of the parameters R 
representing the relative strength of the magnetic to electrostatic interaction and the parameter x 
representing the relative strength of the fourth to the sixth order terms in the crystal field. The 
boundaries between regions of the parameter space with different directions of spontaneous 
magnetisation are investigated. It is found that at some boundaries there is a gradual rotation of 
the direction of spontaneous magnetisation and that at other boundaries there is a sudden change 
of orientation of spontaneous magnetisation at a critical value of the (R,x) parameters. Two types 
of behaviour are observed when there is a critical value of (R,x). There are boundaries where 
there is at the critical value a degenerate plane in which all the orientations can be direction of 
spontaneous magnetisation and some boundaries where two different principal crystallographic 
axes can be direction of spontaneous magnetisation at the critical value. In the latter case there is 
a region near the boundary where an unstable equilibrium orientation for the magnetisation can 
be found.  

 



C. CARBONI, E. AL-ABRY and S. ARAFIN 

  54

KEYWORDS: Spin reorientation, crystal field, YxHo1-xCo2, GdxHo1-xCo2, GdxYyHo1-x-

yCo2HoCo2 .   

1.   Introduction 

he direction of spontaneous magnetisation in magnetic rare-earth compounds is the result of a delicate 
balance between the electrostatic and magnetic interactions experienced by the lanthanide ion. The 

electrostatic interaction is due to the interaction of the localised 4f electrons of the lanthanide ion with the 
electric field gradients set up by the lattice at the ion’s site. The magnetic interactions can arise from dipole-
dipole or exchange interactions. These interactions between the ion and its surrounding in the solid are small 
compared to the intra-ionic interactions and can be regarded a perturbation on the free ion states (Morrisson and 
Leavitt, 1982). The free ion states are almost pure Russell-Saunders states; L, S and J are good quantum numbers 
and remain good quantum numbers in the solid. The effect of the interactions in the solid is to split the (2J+ 1)-
fold degenerate free-ion states without causing significant admixture of the sates. Because of the large spin-orbit 
interaction (1000K or more) only the ground manifold is significantly populated at room temperature or below 
therefore all the populated states have the same L, S and J and the states of the ion in the solid are expressed as 
linear combinations of the | MJ>  states. 

∑
+=

−=
=

Ji

Ji
ii MAE                                                                       (1) 

The omitted L, S and J labels have the values given by Hund’s rule for the ground manifold. 
The magnetic properties of a compound and in particular its direction of spontaneous magnetisation are 
determined by the composition of the low-lying states in the ground manifold. For each state the direction of 
spontaneous magnetisation is the orientation of < J> for which the state has the lowest energy. Different states 
may have different directions of spontaneous magnetisation. At any given temperature the direction of 
spontaneous magnetisation of a compound is the thermal average over the populated states. When the 
temperature is changed, the concomitant change in the population of the states may give rise to the “spin 
reorientations” observed in several rare-earth compounds.  

In the present paper we consider a lanthanide ion at a site of cubic symmetry in a compound at sufficiently 
low temperature so that only the ground state of the ground manifold the ion is significantly populated. This zero 
temperature assumption is justified because it is valid for most rare earth compounds at liquid helium 
temperatures. The evolution of the direction of spontaneous magnetisation at zero temperature will be 
investigated as a function of the relative strengths of the interactions in the solid. Following McCausland and 
Mackenzie (1980) the magnetic interactions will be treated in a rather cavalier manner and will be described by a 
single isotropic vector parameter. With this simplification it is possible to construct, following the work of Lea et 
al. (1962), a dimensionless two-parameters Hamiltonian to obtain the orientation of spontaneous magnetisation 
of the lanthanide ion. The direction of spontaneous magnetisation can then be presented on a simple two-
dimension diagram as a function of the two parameters.  

2.    Theory 

The theoretical approach to write the perturbation Hamiltonian for the ion follows Lea, Leask and Wolf 
(1962), McCausland and Mackenzie (1980) and Bunbury et al. (1995). The ground manifold is assumed to be a 
pure Russell-Saunders state and the interactions with the solid are treated as a perturbation in first order. The 
small amount of intermediate coupling and J-mixing is ignored [4, 5] 

2.1   The electronic hamiltonian 

The strengths of the crystal-field and the magnetic interactions of the ion in the solid are of the same order 
and the operators describing these two interactions do not commute. The ion in the solid is described by the 
combined effective electronic Hamiltonian: 

T 
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H el = H cf + H z                                                                 (2) 
where Hcf, the crystal-field Hamiltonian, stands for the electrostatic interaction and Hz stands for all the magnetic 
interactions. Following Lea et al. (1962), the crystal field Hamiltonian at the site of cubic symmetry is written: 

)21)(1()5(),( 4
6

0
6

6

4
4

0
4

4

cf OOOO −−++= x
F
W

F
WxxWH                                  (3)           

Where the m
nO are Stevens operator equivalents [6]. W and x are the phenomenological crystal field parameters; 

the parameter W gives the strength of the crystal field and the dimensionless parameter x gives the relative 
strength of the fourth-order to the sixth-order term. F4 and F6 are numerical constants tabulated by Lea et al. 
(1962) . For completeness the operator equivalents and the values of the coefficients F4 and F6 for the relevant 
values of J are given in appendix 1.  

As already mentioned all the magnetic interactions are considered to be isotropic and therefore, following 
McCausland and Mackenzie (1980) can be represented by a vector α. The magnetic interactions are thus 
described by the Hamiltonian. 

J⋅= αZH                                                                           (4) 
It is enphasised that the assumptions made when writing equation 4 are not necessarily valid for all real 
compounds. In particular in the presence of anisotropy in the exchange interaction or in magneto-electric 
materials one will have to introduce extra terms in the magnetic interaction to describe the anisotropy or the 
coupling to the electrostatic terms. Such refinements will inevitably introduce extra parameters in the 
Hamiltonian and therefore make the outcome of this investigation rather complex and difficult to represent on 
simple two-dimension diagrams. However, one can reasonably expect that apart from some possible extreme 
exceptions the very much simplified expression of the magnetic interactions used here will give a description 
that is not too far from the reality. Therefore, for the general case of well-behaved materials the interactions of 
the 4-f shell are described by the Hamiltonian  
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Since we are concerned with the direction of spontaneous magnetisation as a function of the relative strengths of 
the crystal-field and magnetic interactions it is preferable to consider the dimensionless Hamiltonian  
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where the parameter R is a vector with the same direction as α and magnitude )W/( α . | R| is the relative 
strength of the magnetic to the electrostatic interaction. There are only two parameters, | R| and x, in the 
Hamiltonian. The direction of spontaneous magnetisation can therefore be readily mapped on a two-dimensional 
diagram as a function of | R| and x. 

2.2   The direction of spontaneous magnetisation 

To determine the direction of spontaneous magnetisation for a given value of | R| and x, one has to find the 
orientation of R that yields the lowest energy for the ground state of the electronic Hamiltonian subjected to the 
condition that the computed orientation of J is parallel to the input orientation of R. The later condition is stating 
that the spontaneous magnetisation is parallel to the local field at the ion’s site. We note in passing that J will be 
parallel to R in the case of pure compounds. In the case of an impurity ion in a host with competing magnetic 
anisotropy J is not necessarily parallel to R; such cases are not considered in the present work.  In the remainder 
of this paper, the orientations of R where J is found to be parallel to R will be referred to as self-consistent 
orientations. By symmetry, the principal crystallographic orientations, < 110>, < 100> and < 111> are self-
consistent orientations. However, these orientations are not necessarily the only ones or do any of them 
correspond necessarily to the lowest energy.  
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Figure 1. The convention and notation used for the computation. A: The x, y and z axis are taken along the edges 
of the cubic unit cell. By symmetry only the directions within the hashed tetrahedron need to be considered. B: 
The polar angles of the input vector R are called θ and φ and the computed polar angles of J are labelled θ’ and 
φ’. 

3.    Computation strategy 

A pedestrian approach to mapping the magnetic orientation phase diagram as a function of | R| and x would 
be to input systematically values of x and | R| and to let the software find which one of the self-consistent 
orientations has the lowest energy for each (R,x). However, a rough estimate of the computer time required for 
this approach is prohibitively too long. A more computer-time efficient approach had to be used for the present 
work. In this paragraph we give a description of the approach taken for the computation and define the notation 
used. 

The reference frame to write the Hamiltonian is defined as shown in Figure 1-A. The x, y and z axis are 
taken along the edges of the cubic unit cell. The quantisation axis is the z axis. Because of symmetry only the 
direction within the tetrahedron delimited by the four-fold (< 100> ) the two-fold (< 110> )  and the three-fold  
(< 111> ) directions as shown in Figure 1-A is considered. The polar angles of the input vector R are called 
θ and φ and the computed polar angles of J are labelled θ’ and φ’ as illustrated in Figure 1-B The self-consistent 
condition is obtained when (θ = θ’) and (φ = φ’). 

The large amount of experimental data available in the literature shows that apart from few exceptions the 
direction of spontaneous magnetisation at low temperature is along one of the symmetry axis. It is therefore 
reasonable to assume that the direction of spontaneous magnetisation is along one of the symmetry axis except in 
the regions of the {R,x} parameter space near the boundaries between regions with different orientations of 
spontaneous magnetisation. The computation was performed in two steps. In the first step a diagram indicating, 
for each value of (R,x), the crystallographic orientation along which the magnetisation has the lowest energy was 
obtained. In the second step a refined investigation of the regions of the {R,x} parameter space in the vicinity of 
the boundaries between the regions in the diagrams obtained in the first step was carried out. 
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3.1   The magnetic orientation diagram 

In the first step, the value of x was scanned from –1 to + 1 in steps of 0.01 at fixed values of | R|. For each 
value of (x, | R| ) the energy of the ground state corresponding to R parallel to each of the three principal 
directions was computed. The software returned the orientation giving the lowest energy for the ground state. 
This orientation was taken as the direction of spontaneous magnetisation. The diagrams shown in Figure A-1 to 
A-11 in appendix 2 for the different values of J were thus obtained. The range and increment steps for | R | were 
decided on a case-by-case basis for each value of J. In all cases for the upper bound we used realistic values 
observed experimentally which do not exceed 80 in ferromagnetic compounds such as the RFe2 compounds [7]. 
In most cases we present our computations with values of | R | less than 30. Above this value nothing interesting 
has been observed. Except in cases where the ground state in the absence of magnetic interactions is degenerate 
and contains a conjugate magnetic doublet in the limit very small | R| the value of < J> goes to zero and therefore 
the magnetic anisotropy becomes negligible; rounding errors occurring in the computation can lead to erroneous 
results. Therefore, we do not report any computations with values of | R| less than 0.1. All the computations were 
done in double precision. 

3.2   The boundaries  

In the second step we have investigated the boundaries between the regions of the {R,x} parameter space 
with different orientations of spontaneous magnetisation. There are two fundamentally different reasons why a 
change of direction of spontaneous magnetisation can occur. The first one is trivial and is observed if there is an 
energy level cross-over. In this case there is a change of ground state at the cross-over; if the two states involved 
have different orientations of spontaneous magnetisation there is an abrupt change of direction of spontaneous 
magnetisation at the cross-over. The second and more interesting situation is where the evolution of the 
components of the ground state as function of (R,x) yields a different stable orientation for J. For all the 
boundaries shown in Figures A-1 to A-11 the evolution of the energy of the ground and first exited states across 
the boundary has been investigated at selected points. It has been found that there are no energy level cross-over 
at the transitions. The change in direction of spontaneous magnetization is in all cases due to a continuous 
evolution of the components of the ground state. In this case two types of behaviour can be expected at the 
boundaries. There could be a region where there is a continuous rotation of the direction of spontaneous 
magnetisation from one axis to the other or there could be a sudden jump from one orientation to the other at a 
critical value of (R,x). Our work has shown that both types of behaviour are observed and that there are two 
possible ways in which the sudden reorientation can occur. The three types of reorientation will be discussed in 
more details in the next section.  

In order to minimize the amount of computer time required we have made the assumption that any 
interesting behaviour will be observed in the plane defined by the orientations on each side of the boundary 
under investigation. The computations were therefore restricted to those planes with only a few spot calculations 
outside the plane to ascertain the validity of the assumption. A systematic scans approach to the computation 
rather than a minimisation routine was used. For any given value of (R, x) near the boundary the polar angles θ 
and φ of R were scanned in steps of 0.1 degrees in the plane defined by the two orientations of interest. At each 
step the energy of the ground state and the polar angles θ’ and φ’ of the direction of J were calculated. The data 
was then analysed manually to find the self-consistent orientation with the lowest energy. 

4.     Results and discussion 

The orientation diagram for the direction of spontaneous magnetisation was mapped for the values of J 
between 3 and 8 in steps of ½. The diagrams are presented in Figures A-1 to A-11 in appendix 2. The label in 
each region of the diagrams gives the direction of spontaneous magnetisation in that region of the {R,x} 
parameter space. Typical behaviours at the boundaries between regions of different orientations of spontaneous 
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magnetisation are given in Figures 2 to 4. The types of reorientation at each boundary are summarized in Table 
1. 

4.1   The orientation diagrams 

For all the values of J investigated, it is found that each one of the three principal crystallographic axis, <  100 >,  
< 110 > and < 111>  can be the orientation of spontaneous magnetisation for some values of the (R,x) 
parameters. For a dominant positive fourth-order term in the crystal field (x ~ + 1) the spontaneous 
magnetisation is always along a three-fold axis (< 111> ). For a dominant negative fourth-order term in the 
crystal field (x ~ -1) the spontaneous magnetisation is always along a four-fold axis (< 100> ). Regions with 
respectively the four-fold axis and the three-fold axis as the direction of spontaneous magnetisation are never 
found adjacent to each other except in the limit  R = 0.  This observation implies that a direct reorientation 
between the  < 111> and the < 100> cannot be observed as a function of x or R. For J = 3 and J = 3.5 there are 
only three regions in the diagram, one at the top (x ~ + 1) and one at the bottom (x ~ -1) where three-fold axis 
and the four-fold axis are respectively the directions of spontaneous magnetisation and the region between these 
two where the direction of spontaneous magnetisation is the two-fold axis. This arrangement of the three main 
open regions is found for all values of J and is observed even at unrealistic large values of R (R > 1000). Note 
that for J = 3 and J = 3.5 the boundaries converge to the same point at R = 0 therefore, in materials where the 
exchange interaction is weak, the two fold axis is rarely found to be the direction of spontaneous magnetisation 
for ions with  J = 3 or 3.5.  For J ≥ 4 there are, within the region where direction of spontaneous magnetisation is 
the two-fold axis some closed areas with different directions of spontaneous magnetisation. These closed areas 
are always bound on one side by the R = 0 axis. There are no common boundaries between two closed areas 
except at the limit of R = 0.  Finally we note in passing that nothing particular is observed around the value of R 
= 1 where there is a change in the relative strengths of the electrostatic and magnetic interactions. 

4.2   The  boundaries 

As already mentioned three types of reorientation transitions have been observed; the continuous transition 
with a gradual reorientation of the direction of spontaneous magnetization and two types of discontinuous 
reorientations with a sudden change of the direction of spontaneous magnetization at a critical value of (R,x).  
We discuss first the continuous reorientation. In this case there is near the boundary a band where a self 
consistent orientation of R is found in a direction other than the principal crystallographic directions. That 
intermediate self consistent orientation also corresponds to a minimum in the energy of the ground state. As an 
example for this type of transition the results of the computation for the point  | R | =  15 and  x  = -0.25  at the   
< 100> / < 110> boundary for J = 4.5 are given in Figure 2. For the value of θ = 25.4o it is found that θ’ is equal 
to θ (Figure 2A). This value of θ also corresponds to a minimum in the energy of the ground state (Figure 2B). 
Therefore that intermediate orientation is the orientation of spontaneous magnetization. The direction of 
spontaneous magnetization thus obtained for different values of x varying from x = -0.24 to x = -0.26 at R = 15 
is given in Figure 2c. There is a continuous rotation of the direction of spontaneous magnetization. The curve of 
the self-consistent orientation as function of the parameter x has infinite slope at the two critical values of x. One 
could see an analogy between Figure 2c and the behavior observed in the case of a temperature driven spin 
reorientation however, in the present case the reorientation is not driven by temperature, it is driven by the 
evolution of the ground state of the ion as the relative strengths of the electrostatic and magnetic interaction is 
altered. This type of reorientation is called type C in Table 1.  
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Figure 2. The type C continuous reorientation for J = 4.5 at R = 15. A: at x = -0.25 the value of (θ-θ’) is zero 
when θ = 25.4 degrees. B: The minimum energy for the ground state is also found for θ = 25.4 degrees. C: The 
evolution of the direction of spontaneous magnetisation across the boundary. There is a well defined band from x 
= - 0.2563 to x = -0.2456 in which the direction of spontaneous magnetisation is at an intermediate angle. 

 
An intermediate self consistent orientation of R is also found near the boundary in the first type of 

discontinuous reorientation however this self-consistent orientation does not correspond to a minimum in the 
energy of the ground state; it corresponds to a maximum. In this type of reorientation there is a band near the 
boundary in which there exists an intermediate unstable equilibrium orientation for the magnetization but the 
change-over from of the direction of spontaneous magnetization from one axis to the other occurs at a critical 
value of (R,x). An example of this type of transition for J = 5.5 at R = 20 and x ~ 0.1 near the < 110> / < 111> 
boundary is shown in Figure 3. For easy comparison, the energy curves presented in Figure 3B have been shifted 
so that so that the value at φ = 0 is zero for all the curves. For x = 0.110 the < 110> direction (φ = 0) corresponds 
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to the lowest energy, it is the direction of spontaneous magnetization and for x = 0.100 the < 111> direction (φ = 
45) is the direction of spontaneous magnetization. There is a value of x between 0.100 and 0.110 for which the 
energy with R along the < 110>  direction is the same as that with R along the < 111> direction; both directions 
can therefore be direction of spontaneous magnetization. At that value of x there is a sudden change of the 
direction of spontaneous magnetization. This type of reorientation with a critical value of (R,x) at which the two 
axis are direction of spontaneous magnetization is called type Da in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3. The type Da discontinuous reorientation for J = 5.5 at R = 20. A: there is a well defined band in which 
an intermediate self consistent orientation of R can be found however, this orientation corresponds to a 
maximum in the energy of the ground state. B: there is a value of x for which the magnetisation along the < 100> 
direction has the same energy as it has when along the < 111> direction. Both directions can be direction of 
spontaneous magnetization.  

 
The third type of reorientation is illustrated in Figure 4. As in Figure 3b the energy curves in Figure 4a 

have been shifted so that the value at θ = 0 is zero for all the curves. For all the values of x near the boundary it 
is found that the energy varies monotonously (Figure 4a) and that the value of (θ – θ’) does not change sign 
(Figure 4b) when the polar angle of R is scanned from one axis to the other. There are no intermediate self-

B 

A 
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consistent orientations in the plane defined by the < 100>  and the < 110>  axis. However, there is a critical value 
of x for which all the orientations in the plane have the same energy and θ’ is equal to θ for all values of θ. At 
that critical value of (R,x) all the orientations in the plane can be direction of spontaneous magnetization. This 
type of reorientation is called type Dp in Table 1. 

The type of all the boundaries in Figures A-1 to A-11 are summarised in Table 1. All the reorientations 
between the  < 110>  and the  < 111>  directions are of  type Da.  The reorientation between the < 100>  and the 
< 110>  directions are continuous except for J less or equal to 4 where they are of type Dp.  

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4. The type Dp of discontinuous reorientation for J = 4 at R = 16. A: there is no self consistent orientation 
of R. B: at a critical value of x all the directions in the plane defined by the < 100>  and the < 110>  axis can be 
direction of spontaneous magnetisation. 
 

The width ∆x at constant R of the reorientation band in the type C boundary can vary from 0.04 where it is 
easily identified to about 10-6

 where it may be mistakenly seen as a type Dp. For example, the width ∆x of the 
boundary of the closed domain in the diagram for J = 7 is 5x10-6 at R = 0.8. The energy difference between the 
three self consistent orientations in the plane is 1x10-6 that is almost the limit of confidence of our computations. 
An illustration of the limits of our computation for the type Dp boundaries is given in Table 2 for J = 3. For both 
values of x given in the Table the energy of the ground state varies monotonously as the angle θ is varied from 
zero to forty five degrees; the energy difference between the magnetisation being along the < 100> and being 

B 

A 



C. CARBONI, E. AL-ABRY and S. ARAFIN 

  62

along the < 110> axis is about 5x10-6. A change of a change of 5x10-10 in the value of x causes the change of the 
direction of spontaneous magnetisation from one axis to the other. 
 
Table 1. The types of reorientation. In the type C there is a continuous rotation of the direction of spontaneous 
magnetization from one axis to the other. In the type Da there is a critical value of the parameters where both 
axes can be direction of spontaneous magnetization. In the type Dp there is a critical value of the parameters 
where all the directions in the plane defined by the two axis involved are directions of spontaneous 
magnetization.  
 

J Boundary Type  J Boundary Type 
3 < 100> / < 110> Dp  6 < 100> / < 110> C 

 < 110> / < 111> Da   < 110> / < 111> closed Da 
3.5 < 100> / < 110> Dp   < 110> / < 100> closed C 
 < 110> / < 111> Da   < 110> / < 111> Da 
4 < 100> / < 110> Dp  6.5 < 100> / < 110> C 

 < 110> / < 111> closed Da   < 110> / < 111> closed Da 
 < 110> / < 111> Da   < 110> / < 100> closed C 
4.5 < 100> / < 110> C   < 110> / < 111> Da 
 < 110> / < 111> closed Da  7 < 100> / < 110> C 
 < 110> / < 100> closed C   < 110> / < 111> closed Da 
 < 110> / < 111> Da   < 110> / < 100> closed C  

5 < 100> / < 110> C   < 110> / < 111> Da 
 < 110> / < 111> closed Da  7.5 < 100> / < 110> C 
 < 110> / < 100> closed C   < 110> / < 111> closed Da 
 < 110> / < 111> Da   < 110> / < 100> closed C 
5.5 < 100> / < 110> C   < 110> / < 111> Da 
 < 110> / < 111> closed Da  8 < 100> / < 110> C 
 < 110> / < 100> closed C   < 110> / < 111> closed Da 
 < 110> / < 111> Da   < 110> / < 100> closed C 
     < 110> / < 111> Da 

   
Table 2. The limit of the computation for the type Dp boundary. A change of a change of 5x10-10 causes the 
change of the direction of spontaneous magnetisation from one axis to the other.  
 

x E (<100>) E(<110>) 
-0.169 413 660 5 -67.565 397 765 -67.565 397 771 
-0.169 413 661 0 -67.565 397 768 -67.565 397 762 

 
Should any of the boundaries labelled Dp in Table 1 be continuous, the reorientations would occur over a range 
of values of x smaller than 5x10-10. 
Finally we note that a situation where there is a minimum in the energy that does not correspond to a self 
consistent orientation has not been observed. 

5.    Conclusion 

Since the parameters R and x are not easily accessible to the experimentalist one might ask if the work 
presented can have any use for the interpretation of experimental data. The parameter R can in principle be 
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varied by the application of an external magnetic field; however, the applied field must be along the self-
consistent orientation otherwise it will introduce anisotropy and invalidate the tenet of our analysis. However, 
many experimentalists make use of the fact that because the lanthanide ions have identical outer electrons-shells 
the ion under investigation can be placed in a homologue compound with a different rare earth. In particular the 
magnetic interactions can be reduced by substituting a magnetic ion by yttrium, lanthanum or lutetium (although 
yttrium is not strictly part of the lanthanide series) or increased by introducing gadolinium. It is usually assumed 
that yttrium, lanthanum and lutetium have no magnetic moment and that the substitution does not affect 
significantly the crystal field at the site of the ion of interest; it is also assumed that gadolinium does not interact 
with the crystal field. These assumptions have been shown not to be tenable in many compounds, too numerous 
to be reviewed here; however, dilution and substitution has enable researchers to clarify so many problems that 
the assumptions can be justified as a first approximation.  
An interesting compound is HoCo2. The Ho3+ (J = 8) ion is at a site of cubic symmetry. According to Gignoux et 
al. (1975) the direction of spontaneous magnetisation at low temperature is the < 110>  direction; the parameters 
R = 45.8 and x = -0.4665 derived from the data of Gignoux et al. (1975) place the compound in the area 
corresponding to the < 110> orientation in our diagram close to the boundary with a continuous reorientation. A 
small increase in R will causes the compound to magnetise along the < 100> axis. How ever, the parameters 
given by Aubert et al. (1978) place the compound just inside the reorientation area and those published by Castet 
et al. (1982) place the compound on the other (< 100> ) side of the boundary. 

The author and co-workers at the University of Manchester (UK) [11 and 12] have investigated by 165Ho 
nmr the series of compounds YxHo1-xCo2, GdxHo1-xCo2 and GdxYyHo1-x-yCo2 at 1.3 K in zero applied field. The 
direction of spontaneous magnetisation can be inferred from the behaviour of the hyperfine parameters [13 and 
14]. It was found that HoCo2 is just inside the reorientation region, it magnetises at a small angle to the < 110> 
axis. YxHo1-xCo2 for x = 0.05 (smaller R) magnetises along the < 110>  direction. The compounds GdxHo1-xCo2 
for x <  0.40 are inside the reorientation region, the angle between the direction of spontaneous magnetisation 
and the < 100> axis decreases with increasing concentration of gadolinium (increasing R). For x > = 0.40 the 
spontaneous magnetisation is along the < 100> direction. Finally the compound GdxYyHo1-x-yCo2 with an 
average value of  R  corresponding to the reorientation region was observed to magnetise at a small angle to the 
< 100>  direction.  Details of this experiment and the analysis will be published elsewhere.  
The knowledge of the position of the compound HoCo2 on the diagram is therefore of some help in ascertaining 
or controlling the direction of spontaneous magnetisation in this series of compounds.  
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Appendix 1: Stevens operators equivalent and the coefficients F4 and F6 
The Stevens equivalent operators for the non vanishing terms in the crystal field Hamiltonian for a site of cubic 
symmetry. 
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The value of the coefficients F4 and F6 given by Lea. Leask and Wolf. 
 

J F4 F6 J F4 F6 

3 15 180 6 60 7560 
3.5 60 1260 6.5 60 7560 
4 60 1260 7 60 3780 

4.5 60 2520 7.5 60 13860 
5 14 1260 8 60 13860 

5.5 60 3780 

 

 
 

Table A 1. The values of the coefficients F4 and F6 corresponding to different values of J. 
 
Appendix 2: The orientation diagrams 
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