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ABSTRACT: We consider a lattice system of identical oscillators that are all coupled to one
another with a diffusive coupling that has a time lag. We use the natural splitting of the system
into synchronized manifold and transversal manifold to estimate the value of the time lag for
which the stability of the system follows from that without a time lag. Each oscillator has a
unique periodic solution that is attracting.
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1. Introduction

n the past few years, there have been many papers concerned with the synchronization and stability of systems

with diffusive coupling (see for instance Afraimovich et. al., 1983, 1986, Chow and Liu 1977, Hale 1977,
Wasike 2003, 2007, and references therein). Other than numerical estimates have been studied by Rossoni et al.,
2005). There are few results that deal with the problem of stability of the synchronization manifold in a system
with a time lag in the coupling in a mathematically rigorous manner (see for instance Wasike 2003, 2007).

Let us suppose that we have N subsystems Z; € Rd, j =12,...,n, with the dynamics of each Z given

by the solutions of the system of d first order equations

2;=9(z;), gec(U,R?), )
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where the dot denotes differentiation with respect to time t and U is some open set in RY. Suppose that, for
each |, there is a compact global attractor for equation (1); that is, there is a compact set which is invariant

under the flow defined by equation (1) and that the W — limit set of each orbit of equation (1) belongs to this set.
Now suppose that these systems are coupled linearly with terms that involve some constant time lag,

r >0, to obtain
2(t)=kB(z(t),z(t-r))+ f(z(t)), ¥
where k > 0, is a positive constant representing the coupling strength, z(t) = (Z1 (t),...2 (t)),

ey bp

f(Z(t))=(g(zl(t)),...g(zn (t))) and B(Z(t),Z(t—r))isalinearfunction in Z(t) and

Z (t - r) indicating the coupling configuration. As a specific example, we shall be interested in the coupling
configuration given by

B(z(t), z(t-r))=—(n-1)1, ®1,z(t)+ I, ®1,z(t-r), 3)

where |, 1, are identity matrices of order n and d respectively, | isan nxn matrix whose entries are all

1's except the principal diagonal that is all zeroes, & is the Kronecker product (see for instance Graham 1981).
Indeed Equation (2) can be written

n

Zj(t)=k(—(n—1)zj(t)+ > zi(t—r)J+g(zj(t)) 4

i=1, i#j
This type of coupling corresponds to an all-to-all nearest neighbour diffusive coupling.

2. Preliminaries

Let X =C ([—I’, 0], R™ ) be the space of continuous functions from [—r, O] to R™ endowed with the
usual supremum topology. For any @€ X,Equation (2) has a unique solution Z(t, go) with
2(0,9)(0)=p(6) for  on the interval [—r,O]. If we let (T (t)(o)(@) =z(t+60,p),0¢ [—r,O] and
assume that all solutions are uniquely defined for t >0, then T (t)is C° —semigroup on X . Assume that
system (4) defines a semiflow T, (t)and has a global attractor A, ;that is, A, is a compact set which is
invariant (T, (t) A, = A, t>0)and, for any bounded set B = X, dist x(T, (t)B, A ) >0 ast— .

The global attractor A, is uniformly bounded with respect to k. Let A be the global attractor for the
equation

2(t)=f(z(t)) )

With this notation, we say that system (4) is synchronized if the global attractor A, belongs to the diagonal set

M ={z(t,gp):(21(t,(0),...2n (t7¢))| Zl(tv(p):"': Z, (t’¢)}’
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that is invariant under T (t). M will be an inertial manifold, see for instance Hale (1997).
From the definition of the attractor, this implies that

distx(z(t,(p),M)—>O, ast—>oo forall pe A ;

that is, the difference z, (t) -7 (t) —>0ast—ooforall i, j. Of course, for the system to be synchronized
we have to show that A, = A _ for K sufficiently large. This is the case if we consider identical subsystems. In
this case the linear operator kB(Z(t), z(t— r))has zero as an eigenvalues lie to left-half of the complex
plane. This is why we make the following hypotheses on kB (Z (t), Z (t - I’)) .

H, for each k,0 is an eigenvalue kB(Z(t), Z(t— r))and e =VeC(l,1,...,1) eR™is its
corresponding generalized eigenvector. Moreover, all other eigenvalues of kB(Z(t), z(t— r)) lie to left-half

of the complex plane for 0 < < 0.
Ho T, (t) is dissipative and has a compact global attractor A, which is invariant underT, (t)

Furthermore dist(Tk (t)A. M ) —>0ast—>o and k>0 forall 0<r <.
Hs Assume the semigroup can be represented in a natural way as a linear part DT, (t) plus a nonlinear

partand DT, (t)M =M forall t>0.

The verification of the stability of the manifold M proceeds by going through the following steps:
(1) We introduce a new coordinate X =M @ M ™" |, where M “is also invariant under the linear flow
DT, (t).
(2) Show that there exists L <1,¢, >0 such that

This is the scheme that is typically followed in many applications (see for instance Hale, (1996).
Let us check that the matrix of the coupling configuration kB(Z(t), Z(t - I’)) satisfies H;. The eigenvalues

DT, (t)[M ‘< le ™, t>0

A, of the linear operator kB(Z (t), Z (t — r)) are given by the zeroes of

AR =((a.00) 8 ) ®

A, (N)=N+k(n-1)(1-e™), W)

where

and
Aj(AM)=A+(n-1)k+ke™ ©)
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Clearly A =0 is an eigenvalue of A; (X ) =0 and the corresponding generalized eigenvector is

e=\Vec (1,1, ...,1) e R™ . Aslongas k >0, n> 2, other than 0, all roots of A()\) have negative real parts
forall r >0, (see Bose (1989), Theorem 3.1 page 143).

. . - T nd—d
From H, we can introduce a new coordinate system Z = ye +&w, W= (Wl, Wy, WH) , weR™™,

yeR?,
W, =2;,-2;,,1<)<n-1,
1 9)
y= Hz ja i
where e is the usual unit vector in R" with zeros except for 1 at the jth position and e = zij .6 —ie, with
- n

€= (é‘l,éz,...,'e‘nfl) . The set e,éj ,1< j<n-1 is an orthogonal basis for R". With this transformation
Equation (4) becomes

§(0)=K(-D(y(t-r)=y(O)+ 20 (5 ()
W, (1) =~k (n=2)w,(0)+w, (t-1))+ 26, (wy), j=1.2,..n-1
where  G; (W, y): g(Zj (t))—g(zj+l(t)).

3. Main Results

(10)

In order to prove the theorem on the stability of a synchronization manifold with a small delay, we need to
state a lemma that will be useful in the estimate of the delay I for which stability synchronized manifold can be

deduced from that of a system without a delay (r = 0). The proof of this lemma can be found in Halanay
(1996).
Lemma 1. (Halanay (1996) ) If f (t)<—af(t)+B sup f(o)fort=t, andif o>/ >0,then there

t-r<o<t
exist ¥ >0and K > Osuch that f (t) <Ke”7" foral t> t, (Halanay (1996) pg 378).
Theorem 2. Consider equation (2) and assume it satisfies the hypotheses Hi, Hy, Hs . Then there is an I, such

that for any N> 2, and K >0, equation (2) has a stable synchronized solution for all 0 <r <.

Proof. For the synchronized manifold to be stable, all transverses to it must asymptotically dampen out. This is
equivalent to saying the zero solution of the second equation in (10) must be exponentially stable. Linearization

of (10) about (y(t),w(t)) = (y0 (t),O) gives
¥(6)=[3 (¥ (1)) —k(n-1) ]y (t) +k(n-1) y(t-r),
mmt):[J(yoﬁ))—k(n—4)]y(t)+k(n—1)y(t—ry

(11)
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where J (y0 (t)) is the Jacobian of ¢ (Z(t)) at (yO (t),O) and W(t) =W, (t) eR, j=1..n-1.
Notice that (11) has a natural splitting X = X @® X* each of which is invariant under the linearized flow
DT, (t); thatis, DT, (t) X" =XP?,vt>0, 0,pe{c,s}.

Consider the second equation in Equation (11). If the large I is small, it is quite natural to suppose that it can be
neglected and we consider the system of Ordinary Differential Equations (ODES).

W(t)=A(t)w(t)+Hw(t), (12)
where A(t) =J (yO (t))— k(n —1) | and H =Kk (n —l) I with | a d xd identity matrix. Let us suppose

that the trivial solution of equation (12) is uniformly asymptotically stable. We could expect that for r
sufficiently small the trivial solution of

W(t)=A(t)w(t)+Hw(t—r) (13)
would be likewise asymptotically stable. This is indeed true for some values of I . This result indicates that the
synchronized manifold will also be stable for sufficiently small values of I .

Suppose that the trivial solution W(t) =w; =z, (t)-z,,(t)=0,V 1< j<n-1, of equation (12), is

uniformly asymptotically stable. If W (t, S) is the fundamental matrix solution of equation (12), we then have
W (t.s)] < Le ),
where L >0, > 0 are constants. Let W(t) be any solution of equation (13) then
w(t)=W (t,0)w IW (t,s)H[w(s—r)—w(s)]ds. (14)
When t > I we can write equation (14) as
w(t) =W (t,0)w ths JH[w(s—r) ]ds+IWts JH[w(s—r)-w(s)]ds

We know from equation (12) and Gronwall's Lemma that for 0 < S < r the estimate :
‘W(S)‘ = exp[r (Ko + Kl)]|§”|v

where @ is the initial function of the solution W given on [—r,O] , that

Ko =sup[A(t)], Ky =supH].

It follows that for 0 <'S < T we have, in any case,
w(s—r)—w(s)|<2exp[r(K,+K,)]lg].

For ST we may write
s—r

w(s—r)-w(s)= [ w(o)do=[ [A(c)w(c)+Hw(o-r)]do.

S
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Hence
w(s—r)-w(s)|<r(K,+K,) sup |w(c),

S—r<o<s

and thus obtain
w(t) < Le™|g| +J'0r Le K, 2exp[ r (K, +K,) ]|o|ds

+J': Le ““ K r (K, +K,) sup

S—Ir<o<s

w(o)|ds
=Le™|p|+2LK, exp[ r (K, +K,)]e™ l(e“‘r -1)lg| (15)
(04

+ LK (K, + K, Je™ I: e sup |w(o)|ds

2 r
=Le™ |¢|(1+; K exp[ r (K, +K,)](e” —1)j
Let

2 ar
L, = L|¢|(1+;(e“ —1)} K, exp[r(K,+K,)].
and
M = LKlr(K0 + Kl).
Then equation (15) gives the estimate
w(t) < Le” +M j: e sup

S—r<o<s

w(o)ds |

W(O‘)‘ ds.
Let
v(t)=e™ [Lo +M j: e” sup

S—r<o<s

Then, we have

V(t)=—ae™ [LO +M I: e” sup

S—r<o<s

w(o)

w(a)‘ds}e“tMe”‘t sup [w(o)|
t-r<o<t (16)
=—av(t)+M sup

t-r<o<t

However, ‘W(t)‘ <V(t). Hence by equation (16)

sup [w(o)|< sup v(o).

t-r<o<t t-r<o<t

Thus
V(t)<—av(t)+M sup v(o)

S—r<o<s

If M <a, itfollows by lemma 1 that there exist constants N and y such that
v(t)< Ne (%)

50



STABILITY OF THE SYNCHRONIZATION MANIFOLD

Consequently, the trivial solution of equation (13) is exponentially stable provided that M < ¢ . This condition
leads to

re— %
LK, (K, +K;)
Taking
r = (04
* KK (Ky+K,)'

completes the proof of our proposition.
4. Conclusion

We have shown that if a system of equations without delay has a stable synchronization manifold, the
introduction of small delays does not affect the stability of the manifold.
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