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      بات متنوعات التوافق في المذبب الشبكي المزدوج ذو الإعاقة الزمنية من الكل إلى الكل ث 

 كسوا. م.أدو أ

في هذه الورقة درسنا أنظمة شبكات المذبذبات المتطابقة والمترابطة كل واحد مع الأخر بشبكة ترابط  ذات اعاقة  :خلاصة
الانقسام الطبيعي للنظام إلى متنوع توافق ومتنوع توافق  النظام استعملنا ولتقدير زمن الإعاقة الذي تتبعه ثبوتية. زمنية

  . كما لاحظنا ان كل مذبذب يتبع حل دوري وحيد. ومتنوع مستعرض
 

ABSTRACT: We consider a lattice system of identical oscillators that are all coupled to one 
another with a diffusive coupling that has a time lag. We use the natural splitting of the system 
into synchronized manifold and transversal manifold to estimate the value of the time lag for 
which the stability of the system follows from that without a time lag. Each oscillator has a 
unique periodic solution that is attracting.    
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 1.   Introduction 

n the past few years, there have been many papers concerned with the synchronization and stability of systems 
with diffusive coupling (see for instance Afraimovich et. al., 1983, 1986, Chow and Liu 1977, Hale 1977, 

Wasike 2003, 2007, and references therein). Other than numerical estimates have been studied by Rossoni et al., 
2005).  There are few results that deal with the problem of stability of the synchronization manifold in a system 
with a time lag in the coupling in a mathematically rigorous manner (see for instance Wasike  2003, 2007).  

Let us suppose that we have n  subsystems , 1, 2,..., ,d
jz j n∈ =R with the dynamics of each jz  given 

by the solutions of the system of d  first order equations  

( ) ( ), , ,d
j jz g z g c U= ∈ R                                                    (1) 

I 
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where the dot denotes differentiation with respect to time t  and U is some open set in  dR .  Suppose that, for 
each j , there is a compact global attractor for equation (1); that is, there is a compact set which is invariant 
under the flow defined by equation (1) and that the w− limit set of each orbit of equation (1) belongs to this set.  

Now suppose that these systems are coupled linearly with terms that involve some constant time lag, 
0r > , to obtain  

( ) ( ) ( )( ) ( )( ), ,z t kB z t z t r f z t= − +                                             (2)  

where 0k > , is a positive constant representing the coupling strength, ( ) ( ) ( )( )1 ,..., ,nz t z t z t=   

( )( ) ( )( ) ( )( )( )1 ,... nf z t g z t g z t=  and ( ) ( )( ),B z t z t r− is a linear function in ( )z t  and 

( )z t r− indicating the coupling configuration. As a specific example, we shall be interested in the coupling 
configuration given by  

( ) ( )( ) ( ) ( ) ( ), 1 ,n d n dB z t z t r n I I z t I I z t r− = − − ⊗ + ⊗ −                              (3) 

where  ,n dI I  are identity matrices of order n  and d  respectively, nI  is an  n n×  matrix whose entries are all 

1's except the principal diagonal that is all zeroes, ⊗ is the Kronecker product (see for instance Graham 1981). 
Indeed Equation (2) can be written 
  

( ) ( ) ( ) ( ) ( )( )
1,

1
n

j j i j
i i j

z t k n z t z t r g z t
= ≠

⎛ ⎞
= − − + − +⎜ ⎟

⎝ ⎠
∑                                         (4) 

 
This type of coupling corresponds to an all-to-all nearest neighbour diffusive coupling.  

2.   Preliminaries   

Let [ ]( ),0 , ndX C r R= −  be the space of continuous functions from [ ],0r−  to ndR  endowed with the 

usual supremum topology. For any ,Xϕ∈ Equation (2) has a unique solution ( ),z t ϕ with 

( )( ) ( )0,z ϕ θ ϕ θ=  for θ  on the interval [ ],0r− .  If we let ( )( )( ) ( ) [ ], , ,0T t z t rϕ θ θ ϕ θ= + ∈ −  and 

assume that all solutions are uniquely defined for 0,t ≥  then ( )T t is 0C − semigroup on X . Assume that 

system (4) defines a semiflow ( )kT t and has a global attractor ;kA that is, kA  is a compact set which is 

invariant ( )( ), 0k k kT t A A t= ≥ and, for any bounded set ( )( ), , 0 ask kB X dist x T t B A t⊂ → →∞ . 

The global attractor kA is uniformly bounded with respect to k .  Let A ∞  be the global attractor for the 
equation 
 

( ) ( )( )z t f z t=                                                                       (5) 

With this notation, we say that system (4) is synchronized if the global attractor kA  belongs to the diagonal set  

( ) ( ) ( )( ) ( ) ( ){ }1 1, , ,... , | , ... , ,n nM z t z t z t z t z tϕ ϕ ϕ ϕ ϕ= = = =  
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that is invariant under ( )T t . M  will be an inertial manifold, see for instance Hale (1997).  
From the definition of the attractor, this implies that  
 

( )( ), , 0,dist x z t Mϕ → as t →∞ for all ;kAϕ∈  
 
that is, the difference ( ) ( ) 0 asj iz t z t t− → →∞ for all ,i j . Of course, for the system to be synchronized 

we have to show that kA A∞= for k sufficiently large. This is the case if we consider identical subsystems. In 

this case the linear operator ( ) ( )( ),kB z t z t r− has zero as an eigenvalues lie to left-half of the complex 

plane. This is why we make the following hypotheses on ( ) ( )( ),kB z t z t r− . 

H1 for each ,0k  is an eigenvalue ( ) ( )( ),kB z t z t r− and ( )1,1,...,1 nde Vec= ∈R is its 

corresponding generalized eigenvector. Moreover, all other eigenvalues of ( ) ( )( ),kB z t z t r− lie to left-half 

of the complex plane for 0 r< < ∞ .   
H2  ( )kT t  is dissipative and has a compact global attractor kA  which is invariant under ( )kT t . 

Furthermore  ( )( ), 0k kdist T t A M →  as t →∞  and 0k >  for all 0 r< < ∞ . 

H3 Assume the semigroup can be represented in a natural way as a linear part  ( )kDT t  plus a nonlinear 

part and ( )kDT t M M⊂  for all 0t ≥ . 

The verification of the stability of the manifold M proceeds by going through the following steps:  
(1) We introduce a new coordinate X M M ⊥= ⊕  , where M ⊥ is also invariant under the linear flow 

( )kDT t ,  

(2) Show that there exists  1, 0kL c≤ >  such that    

( ) | , 0
tck

kDT t M le t−⊥ ≤ ≥  

 
This is the scheme that is typically followed in many applications (see for instance Hale, (1996).  
Let us check that the matrix of the coupling configuration ( ) ( )( ),kB z t z t r−  satisfies H1. The eigenvalues 

λ , of the linear operator  ( ) ( )( ),kB z t z t r−  are given by the zeroes of  
 

( ) ( )( ) ( )( )1
,

dn
s c

−
∆ = ∆ ∆λ λ λ                                                        (6) 

where  

( ) ( )( )1 1 ,r
c k n e−∆ = + − − λλ λ                                                      (7) 

and  
( ) ( )1 r

s n k ke−∆ = + − + λλ λ                                                        (8) 
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Clearly 0=λ  is an eigenvalue of ( ) 0c∆ =λ  and the corresponding generalized eigenvector is 

( )1,1,...,1 nde Vec= ∈R . As long as 0, 2,k n> ≥ other than 0 , all roots of ( )∆ λ have negative real parts 

for all 0,r ≥ (see Bose (1989), Theorem 3.1 page 143).  

From H1 we can introduce a new coordinate system ( )1 2 1, , ,..., ,T
nz ye ew w w w w −= + =  ,nd dw −∈R  

,dy∈R   

1

1

, 1 1,

1 ,

j j j

n
jj

w z z j n

y z
n

+

=

= − ≤ ≤ −

= ∑
                                                    (9) 

where je is the usual unit vector in nR with zeros except for 1 at the thj position and 
1

,j
j ii

je e e
n=

= −∑  with  

( )1 2 1, ,..., ne e e e −=  . The set , ,1 1je e j n≤ ≤ −  is an orthogonal basis for nR .  With this transformation 
Equation (4)  becomes  

( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )

1

11 ,

11 , , 1, 2,..., 1,
2

n

j
j

j j j j

y t k n y t r y t g z t
n

w t k n w t w t r G w y j n

=

= − − − +

= − − + − + = −

∑
                (10) 

where   ( ) ( )( ) ( )( )1,j j jG w y g z t g z t+= − . 

3.   Main Results 

In order to prove the theorem on the stability of a synchronization manifold with a small delay, we need to 
state a lemma that will be useful in the estimate of the delay r  for which stability synchronized manifold can be 
deduced from that of a system without a delay ( )0r = . The proof of this lemma can be found in Halanay 
(1996).  
Lemma 1. (Halanay (1996) ) If ( ) ( ) ( ) 0sup

t r t
f t f t f for t t

σ
α β σ

− ≤ ≤
≤ − + ≥   and if  0,α β> > then there 

exist 0γ > and 0K > such that ( ) ( )0t tf t Ke γ− −≤  for all 0t t≥  (Halanay (1996) pg 378).  

Theorem 2.  Consider equation (2) and assume it satisfies the hypotheses H1, H2, H3 . Then there is an 0r  such 

that for any 2,n ≥  and 0,K >  equation (2) has a stable synchronized solution for all 00 r r< < .  
Proof. For the synchronized manifold to be stable, all transverses to it must asymptotically dampen out. This is 
equivalent to saying the zero solution of the second equation in (10) must be exponentially stable. Linearization 
of (10) about ( ) ( )( ) ( )( )0, ,0y t w t y t= gives  

( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( ) ( )

0

0

1 1 ,

1 1 ,

y t J y t k n y t k n y t r

w t J y t k n y t k n y t r

⎡ ⎤= − − + − −⎣ ⎦
⎡ ⎤= − − + − −⎣ ⎦

                                 (11) 
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where ( )( )0J y t is the Jacobian of ( )( )g z t  at ( )( )0 ,0y t and ( ) ( ): , 1,..., 1.d
jw t w t j n= ∈ = −  

Notice that (11) has a natural splitting c sX X X= ⊕  each of which is invariant under the linearized flow 

( );kDT t  that is, ( ) { }, 0, 0, , .p p
kDT t X X t p c s= ∀ ≥ ∈  

Consider the second equation in Equation (11). If the large r  is small, it is quite natural to suppose that it can be 
neglected and we consider the system of Ordinary Differential Equations (ODEs).  

( ) ( ) ( ) ( ) ,w t A t w t Hw t= +                                                          (12) 

where ( ) ( )( ) ( )0 1A t J y t k n I= − −  and ( )1H k n I= − − with I a d d× identity matrix. Let us suppose 
that the trivial solution of equation (12) is uniformly asymptotically stable. We could expect that for r  
sufficiently small the trivial solution of  

( ) ( ) ( ) ( )w t A t w t Hw t r= + −                                                        (13) 
would be likewise asymptotically stable. This is indeed true for some values of r  . This result indicates that the 
synchronized manifold will also be stable for sufficiently small values of r .  
Suppose that the trivial solution ( ) ( ) ( )1 0, 1 1,j j jw t w z t z t j n+= = − = ∀ ≤ ≤ −  of equation (12), is 

uniformly asymptotically stable. If ( ),W t s  is the fundamental matrix solution of equation (12), we then have  

( ) ( ), ,t sW t s Le α− −≤  

 
where 0, 0L α> >  are constants. Let  ( )w t be any solution of equation (13) then  

( ) ( ) ( ) ( ) ( ) ( )
0

,0 0 ,
t

w t W t w W t s H w s r w s ds= + − −⎡ ⎤⎣ ⎦∫ .                               (14) 

 
When t r>  we can write equation (14) as 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

,0 0 , ,
r t

r
w t W t w W t s H w s r w s ds W t s H w s r w s ds= + − − + − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∫ ∫   

 
We know from equation (12) and Gronwall's Lemma that for 0 s r≤ ≤  the estimate :  

( ) ( )0 1exp ,w s r K K ϕ≤ +⎡ ⎤⎣ ⎦  

 
where ϕ  is the initial function of the solution w given on [ ],0r− , that 

( )0 1
0 0
sup , sup

t r t r
K A t K H

≤ ≤ ≤ ≤
= = . 

 
It follows that for 0 s r≤ ≤  we have, in any case,  

( ) ( ) ( )0 12expw s r w s r K K ϕ− − ≤ +⎡ ⎤⎣ ⎦ . 

 
For s r≥  we may write  

( ) ( ) ( ) ( ) ( ) ( )
s r s r

s s
w s r w s w d A w Hw r dσ σ σ σ σ σ

− −
− − = = + −⎡ ⎤⎣ ⎦∫ ∫ . 
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Hence  

( ) ( ) ( ) ( )0 1 sup
s r s

w s r w s r K K w
σ

σ
− ≤ ≤

− − ≤ + , 

and thus obtain  

( ) ( ) ( )
( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 0 10

1 0 1

1 0 1

1 0 1

1 0 1

2exp

sup

12 exp 1

sup

21 exp 1

r t st

t t s

r s r s

t t r

tt s

r s r s

t r

w t Le Le K r K K ds

Le K r K K w ds

Le LK r K K e e

LK r K K e e w ds

Le K r K K e

αα

α

σ

α α α

α α

σ

α α

ϕ ϕ

σ

ϕ ϕ
α

σ

ϕ
α

− −−

− −

− ≤ ≤

− −

−

− ≤ ≤

−

≤ + +⎡ ⎤⎣ ⎦

+ +

= + + −⎡ ⎤⎣ ⎦

+ +

⎛ ⎞= + + −⎡ ⎤⎜ ⎟⎣ ⎦⎝ ⎠

∫
∫

∫

                         (15)       

Let  

( ) ( )0 1 0 1
21 1 exprL L e K r K Kαϕ
α

⎛ ⎞= + − +⎡ ⎤⎜ ⎟ ⎣ ⎦⎝ ⎠
, 

and  
( )1 0 1M LK r K K= + . 

Then equation (15) gives the estimate  

( ) ( ) ( )0 sup
t t st

r s r s
w t L e M e w dsαα

σ
σ− −

− ≤ ≤
≤ + ∫ . 

Let  

( ) ( )0 sup
tt s

r s r s
v t e L M e w dsα α

σ
σ−

− ≤ ≤

⎡ ⎤= +⎢ ⎥⎣ ⎦∫ . 

Then, we have  

( ) ( ) ( )

( ) ( )

0 sup sup

sup

tt s t t

r s r s t r t

t r t

v t e L M e w ds e Me w

v t M w

α α α α

σ σ

σ

α σ σ

α σ

−

− ≤ ≤ − ≤ ≤

− ≤ ≤

⎡ ⎤= − + +⎢ ⎥⎣ ⎦
= − +

∫
               (16) 

However, ( ) ( )w t v t≤ . Hence by equation (16)  

( ) ( )sup sup
t r t t r t

w v
σ σ

σ σ
− ≤ ≤ − ≤ ≤

≤ . 

Thus  
. ( ) ( ) ( )sup

s r s
v t v t M v

σ
α σ

− ≤ ≤
≤ − +  

If  ,M α<  it follows by lemma 1 that there exist constants N  and γ  such that  

( ) ( )0t tv t Ne γ− −≤  
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Consequently, the trivial solution of equation (13) is exponentially stable provided that M α< . This condition 
leads to  

( )1 0 1

r
LK K K

α
<

+
. 

Taking  

( )0
1 0 1

r
KK K K

α
=

+
, 

completes the proof of our proposition.  

4.   Conclusion  

We have shown that if a system of equations without delay has a stable synchronization manifold, the 
introduction of small delays does not affect the stability of the manifold.  
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