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ABSTRACT: In an earlier paper we developed a stochastic model incorporating a double-Markov
modulated mean-reversion model. The model is based on an explicit discretisation of the corresponding
continuous time dynamics. Here we discuss parameter estimation via the technique of M-ary detection.
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1. Introduction

he model we developed in Malcolm et al. (2004) is a stochastic model incorporating a double Markov

modulated mean reversion model. Unlike a price process the basis process X can take positive or negative
values. This model is based on an explicit discretization of the corresponding continuous time dynamics. In that
model we suppose the mean reverting level in our dynamics as well as the noise coefficient can change
according to the states of some finite-state Markov processes which could be the economy and some other
unseen random phenomenon. In this paper we wish to discuss M -ary detection for this model. The term M -ary
detection is used in Electrical Engineering to describe sequential hypothesis testing for more than two candidate
model hypotheses. Here we are interested in model-parameter hypotheses. In effect our formulation is something
like a discrete and finite version of the EM algorithm by Baum and Petrie (1966), Dempster et al. (1977) where,
rather than considering an uncountable collection of model parameter sets in the space of all admissible models,
we consider a finite collection in this space.
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We assume that we have a list of M candidate models, from which to choose, describing the model dynamics
over time. These candidate models will be denoted by Hy,, h = 1,--- , M. Let /3 be a simple random variable
denoting a specific model, with states indexed by 1 < h < M. We assume that (3 is taking on values in the
canonical basis (by, . . .. bar) of RM. We suppose /3 is an indicator random variable such that /3 = by,, that is
(3, by) = 1if and only if hypothesis F}, holds. Here (, ) is the usual inner product. We shall be interested in
computing the posterior probabilities’(5 = h | O,,), where ©,, denotes information contained in some
observation process. It will be shown that this problem separates into a pure filtering component and a pure
estimation component. In the context of M -ary detection, this is known as the Separation Theorem (Poor 1988).
This paper is organized as follows. In §2 & §3 we recall the model dynamics as well as the construction of a new
probability measure under which all processes are independent. In §4 M-ary Detection Filters are derived. In §5
& §6 our results are adapted to continuous time dynamics.

2. Stochastic Dynamics

All models are, initially, on the probability space (€2, F,P).
Write X ={X,,0<U <t}, for the basis (price difference) process. X, € R. Suppose L is a mean
reversion level and @ € R, is the rate-parameter, that is, a parameter determining how fast the level L is

attained by the process X .
X has dynamics:

t
xt:X0+aIO(L—XU)du+dNt. @.1)

Here W is a standard Wiener process, and o € R .

Remark 1. The dynamics at (2.1) exhibit a mean reversion' character of the model when written in stochastic
differential equation form:

dX, = a(L- X, )dt+odW,. 22)

Ignoring the noise odW  ,if X, > L then a(L —X,) <0, whileif X, <L then a(L —X,)> 0, and so
the right side of is continually trying to reach the level L.

Now suppose that parameters L and & are stochastic and can switch between different levels Ll, L 23rers Lm

and 0,...,0, respectively. We assume here that these levels are determined by the states of two Markov

n

chains Z and 3 respectively.

Without loss of generality, we take the state spaces of our Markov chains to be the canonical basis
L ={e.e,,....e, } of R™ and the canonical basis S ={f ,f,,....f } of R" respectively.

! Modeling a mean reversion process is widely used in finance, for example in interest rates models such as the
Vasicek Model. This class of models assumes an (static) average value will be attained, not unlike the notion of
an equilibrium state, or steady state of a dynamical system in the physical sciences.
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Write
A
?T(J"_;) = P(Z,I.-_H =€y | Z;- = (.’;).
A (2.3)
p(.‘a.r} = ])(3.4‘—}—1 = f& 3.5.- = f})
I =[] 1<i<m,
1<i<m
P = [ps.r)]1<5<n-
1<r<n
2.4)
Write Z 2 (J'{Z”. 3..0<u< t}.
Then
Z.‘c-i—'l =117z, + .-'1{;\,_’_1.
2.5)
Irt1 =P+ My,
Here, M and 901 are martingale increments.
The scalar-valued Markov processes taking values L1 yeers Lm and 0,,...,0, , are obtained by
m
(Ze. L) = 1w zuw)=eey Lo
=1
(2.6)

(S' Bf) = Z 1{-_&". 3:{w}=fi}oi'
i=1

Here L=(L,L,,...,L, ), S= (0,,0,,...,0, ), {-,-) denotes an inner product and l{A} denotes an
indicator function for the event A .

What also we wish to impose is that the two Markov chains Z and 3 be not independent, that is, information
on the behavior of one conveys some knowledge of the behavior of the other. More precisely, we assume the

dynamics:
Zr41 @ 341 = P2 @ 35 + My 2.7

where P = (pjs,ir) denotes a MN X MN matrix, or tensor, mapping R" x R™ into R™ x R"

and

Pjsir = P(Zks1=¢j, 3x1=fs | Ze=ei, 3o =fr) ., 1<r,s<n, 1<i,j<m.
Again M, |, is a martingale increment.

The dynamics at (1) take the form
;
X, = Xo + [ ((z”. L) - x) du + (S, 3,)W;. 2.8)
Jo

Remark 2. We defined Z and 3 as inherently discrete-time. Here, we "read" Z and 3 as the output of a
sample and hold circuit, or CADLAG processes.

e What we wish to do now, is discretise the dynamics at (8) and then compute a corresponding filter and
detector.
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e We will use an Euler-Maruyama discretisation scheme to obtain discrete-time dynamics, although many
other schemes can be used; see, for example, Numerical Solution of Stochastic Differential Equations by
Kloeden and Platen (1992).

For all time discretisations we will consider a partition, on some given time interval [0,T ] and write
J'\/[(h-) é {U =tg.t1, ... bt = T} (2.9)
This partition is strict, t, <t, <..., and regular, the A, =t, —t, | are identical for indices K . Applying the
Euler-Maruyama scheme to (8), we get,
X_L-.{..] = .XJL- + l’}.’(z,{-. L)A; - I’Y—XJL-.AI + (3_{.-. S) (I’l"r_{-_{,l - I’,I"r_:;)

(2.10)
=aXi + b(Zi, L) + (3. c)vg.

Here

-

a

(1 o u-'A;).
al\;,

172

b

C

=3
B
E)
';”p
)
E}

The Gaussian process v is an independently and identically distributed N (0,1).

Our stochastic system now, under the measure P . has the form:

Z,I.-_}.] - HZ,I, + Jfg
341 = P3i + My,
P ] 3k k k41 @1
Zk41 @ Jky1 = P23 @ 31 + My

X1 = aXp + f)(ZA-. L) -+ <3; C)'U;'..

Write

g_:‘,ZO'{Z(}.Zl .... ZA..S{].B] ..... 3;‘..X1.X;g ...... X —F-'}'

3. State Estimation Filters

The approach we take to compute our filters is the so-called reference probability method. This technique
is widely used in Electrical Engineering, see Elliott et al. (1995) and more recently Aggoun and Elliott (2004).

We define a probability measure P on the measurable space (Q), F ), such that, under P 7, the following two
conditions hold.
1. The state processes Z and 3 are Markov chains initial distributions P, and P,, respectively.

2. The observation process X , is independently and identically distributed and is Gaussian with zero mean
and unit variance.

With P defined, we construct P, such that under P the following hold:
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3. The state processes Z and 3 are again Markov chains with initial distributions P, and P,

respectively.
4. The sequence v, where
)\rH_l — ({-X{ — b(Z(. L)

Vgl = 3.1
e (3. €) G:D
is a sequence of independently and identically distributed Gaussian N (0,1) random variables.
i h(e) 2 L _Llegr
Write $(&) = 5= exp(—35£¢).
Definition 1. For /=1,2,...,
(.")(X'r‘*'l —u.\';—h{Z.r,L})
AT (3k-c)
(3K €) H(Xe41)
J!..
AL = H Ao, A= 1. (3.3)

=0

The "real world" probability P , is now defined in terms of the probability measure P t by setting
dpP

g7 o= A

Lemma 1. UnderP , the sequence v, is a sequence of independently and identically distributed N (0,1)
random variables, where

- A Xpyp1—aX—b{Z L)

Uk+1 = (3.S) :

That is, under P,
Xp+1 =aXy + h(Zk. L) + (3;‘ c)'f"'k-i-l- (3.4)

Lemma 2. Under the measure P , the process Z remains a Markov process, with transition matrix Il and
initial distribution P, . The proofs of Lemma 1 and 2 are routine.

Remark 1. The objective in estimation via reference probability is to choose a measure P which facilitates
and/or simplifies calculations. In Filtering and Prediction, we wish to evaluate conditional expectations.

Under the measure P T, our dynamics have the form:
4
Zg-+1 = HZA + ﬂ’fﬁ.-

- k41 = Pk + Mpg1
pi ) Okt + (3.5)
Zk41 @ 31 = P2 @ 31 + My

Xkt+1 = Vk1
LY

In what follows we shall use the following version of Bayes' rule.
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T Ar+1Zk ® 3k | Freg] _ (2 ® 3k)
Et [AF.-+1 | -?:L-+1] qr(1) .

)
E[Z)® 31 | Fria] = (3.6)

Note that

m n

Z Z(ET [Ak+1Zk @ 31 | Frpr] e ® f:‘>

=1 r=1

T n

=E[Ak1 DD (Zk®3r.ec® fr) | Frrr] = ET[Ars1 | Fiea].

(=1 r=1

The following result is proven in Malcolm et al. (2008).

Theorem 1. Information State Recursion. Suppose the Markov chains Z and 3 are observed though the unit-
delay discrete-time dynamics at (2.10). The information state for the corresponding filtering problem is
computed by the recursion:

A
a(Z1 ® 3k) = E'[Ajs1 2 @ 35 | Frs1] = Th1 Pa(Zi—1 @ 35-1). (3.7)
Here
~ AL s . m,n
L = diag{yy 70t Vg1 (3.8)
and
(.")(X“"H —aXp—bLy )
b é ! (fric) (3.9)

LT e) p(Xeg)

The recursion given in Theorem 1, provides a scheme to estimate the conditional probabilities for events of the
form {w | Z) ® 31(w) = e; @ f,.}, given the information up to time k+1. In practice, one would use the
vector-valued information state ¢ (Zj @ 3), to compute an estimate for the state Z ® 3. In general two
approaches are adopted; one computes either a conditional mean, that is

—

1
Z @ 3k,

(ar(Zr @ 31), (1..... 1)) (3.10)
X {(‘{H‘(ZL‘ & 3.1.) €1 ® fl)(fl & fl ----- (qk(Zﬁ‘ & 3!.] Em ® fn)cm & fn}

172

or the so-called Maximum-a-Posteriori (MAP) estimate, that is

Zk @ 3 = <(H"(Zk®3ﬁ_)_(l ..... l))

X a-l‘i-’jlllax{(fjﬂ.-(zﬁ.- & 31.) €1 ® fl)cl ® fl ----- (ffﬂ‘(Zﬂ‘ &® 3?-) Em ® fn)‘gm ® fn}

G.11)

Marginal distributions for the Markov chains are obtained by multiplying ¢;.(Z;. @ 31) on the right with the
N -dimensional row vector (1,...,1) or on the left with the M -dimensional column vector (1,...,1)
respectively.

4. M-ary Detection Filters
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To denote a specific model hypothesis for the discrete-time dynamics given at
(2.5), (2.7) and (2.10) we write,

Hy 2 {PHi oM i [Hi i,

4.1

Here j € {1. 2,....M } Using the simple random variable «, as before, we are interested to compute the
detector expectation

i = ET [1‘\;‘ ((k‘. fj) | y;‘] (4'2)

Here the sigma algebra ), is taken as generated by a model with parameter set /;, and similarly the Radon-
Nikodym derivative Ay, is constructed according to H ;- Further, to make a clear distinction between the filter
information state defined for specific model H;, and the corresponding un-normalised detector probability for
model H;, we write, respectively

a7 = B [Ar1 20 @ 31 | Viga]. (@R 5) = (BT Al 5) | V. 1i)-

Theorem 2 (M-ary Detection Filter)
The M-ary detection filter for the model hypothesis /1 ; is computed by the recursion

Xpt1 — afli X — bHi ((ff. LHJ)
(gPet.f,) = i i (b( (f,cti) ) (PHig . ec® f,)
T e (fr i) p(Xpt1) (PHig (1.1,....1))

Proof: ‘
(qﬁr')itlf}') = ET[(“’-f.;’)AHl | y&-+1]
= E[(o, 1) ArAs1 | Vit

Xpy1 — ali Xy, = i (Z, LTI

" mm{O( (3r. ) ) } | ya-+1]

(3r.c7) 6(Xis1)
Xps1 — atli X — pHi {Z;_\. LHJ)

. '(m . { o( (31, ) ) } .

(3r.ci) A Xpg1)

) (Xxv+1 —a"i X, — b7y, LH.;))
. (3}.‘.- ch)

(Brei) (X jy)

E[{a. 1) | Ve ET[Ax | Vi

X1 — afli Xy, — b (7)., LH.;'))

{Q( (3i. ™)

ET[Ag | Vi)

=F

} | = fj&',y;,} X

=F
(3r.c9) 6(Xp41)

} la=f;& y!.} (@ 15)-
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The expectation in the last line of the calculation is

Xpa1 — afli X — bHi (Zy, LHJ)

(a"'J( (3,!.-.CHJ') ) o
. [{ (3;\ CHJ) A Xps1) } | = f‘; & y_;‘]

_ n m g (f: (:HJ') Pz o e
22 (frycti) ¢(Xps1) (Zk @3k = e ® fr | a = &)

r=1 (=1

The normalized probabilities P(Z), @ 3 = e¢ ® f, | o = f; & Y. are computed by the normalized one step
predictor information state, that is, for the model hypothesis /; and the event Zj. @ 31 = ey ® f, , we
compute

P(Z;- R3r=e @ fr|a=H; yﬂ‘)
=(B[Z, @3k | a=1; &), e ® fr)
= (EM[MZk @ 3k | o =1 & Vi) e ® fi)

Et[Ag | Vil
B (ET[A(PHiZp—y @ 31+ My) | Vi, e0 @ fr)
B Et[Ag | Vi
_ (PHIEALZj—1 @ 311 | Vi ee® fr)

Et[Ay | Vi

(PHJ(fij1 €¢ ®f:>
(PH Jq,\ (LT 1))

Here q;. is the information state for the filter computed earlier. Since we need the normalised form of the
expectation at (4.2), the M-ary detector has the form:

Xpur — afi Xy — 0F (e, LHi)
n m f,b( - ) (PH-(HJ
s iqe e ® fr)
(H.+1 E :E : (f c(f ) .L A

r=1 (=1 7) 9(X41) (PHJ'qf_J].(l.l ..... 1))

5. Continuous-Time Dynamics

We consider here a continuous time Markov chain Z. Again we use the canonical representation of an
arbitrary Markov chain. That is, without loss of generality we take the state space for Z to be the set

L ={ey,ea,...,e,}, whose elements e; are column vectors with unity in the i’ h position and zero elsewhere.
The key benefit of this representation is that it admits the dynamics:
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g

Zi = Xy +] AZ, du+ V.
0

Here Vi is a (P, O‘{Z w0 <u< f} )-martingale and A € R"*" is a time invariant rate matrix, whose elements
are the infinitesimal intensities of X. To denote an element of the matrix A at row ¢ and column j, we write
(Ae;, e;). Here (- . -) denotes an inner product.

Now we consider the continuous-time dynamics

X = X0+(r'/
0

it
((Z,,. L) - x) du + oW,
(5.1)

Under PT the state and observation process dynamics have the form:

dzy = A Zy dt + dVy,

dX; = odW;.
Let
.t
Ar=1+ / A,,((Z,,. L) - X”) dX,
J0

where X is given by equation (5.1).
Then the ‘real world’ probability P is defined via

dP

—— = .e')\ .
APt f

Gt

Under P the dynamics have the form:

dZ = A Zydt + dVi,
aX; = ((Z, L) = X0) dt + caW,

Notation: Suppose H = {H,,0 < u} is any G-adapted process and we wish to estimate £ [H ¢ J/}]. Using
Bayes’ rule (Elliott et al. 1995)
ET[AH, | Y] o(Hy)

B = Fi o]~ o)

6. Continuous-Time Detection Schemes

State Estimation Filters

With qt é ET [A;Zf | yf] e R"

ot ¢
G = qo+ / Aq,du+ / diag{L - X }q“ dX, € R".
Jo Jo
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Then P(Zf =e; | yf) = M

mn

Z (g, ec)

(=1

M -ary Detection Filters
define a matrix-valued process Z = {Z,,0 < u < t}, where

[ il Zeer) oo A fi)(Zesen) ]
" A ozl — (v, f2>‘<2;.<‘_’.1) | coo Ay fo)(Zen) c RN,
| (v, far)(Zisex) oo A far)(Zrsen))

Here « is the simple random variable defined above. The state space for the process Z is a
canonical basis of matrix-valued indicator functions F{; ;) = fje;

1 0 0 0
0 ...
g :
0 0 10 0
0 ... 0 1] 0 ... ... 0]
0 Ll }
.... o
0 0] 0 0 1]

The process Z takes values on a canonical basis of matrix-valued indicator functions, each of which jointly
indicates a particular model hypothesis, and a particular value taken by the state process.
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Write
(@, 15) = B Ao, ) | 91,

The unnormalised probability process (qP”.fJ-). satisfies the stochastic integral equation

(QPde) = ((1’(](t f_} / (ZL u €i) — Xu) (q:;)ct'fj)d'xu-

where (Z,,¢e;) = E[( wr€i) | Vu,ao = f},] is evaluated under the probability measure P,

given that the hypothesis H; holds.

The corresponding normalized detection probabilities are computed, for example, by

Pla=fi| V) = (("Ir]:tli;))
Write
a 2 EN[MZ | 0] = Ef[Ava Z) | D] e RM =, (6.1)
define
[(LH1 ) (LH,e) ... (LHie,)]
o (L2 e))  (LH2,e5) ... (L¥2)¢,) < RM*n
_(LH-“f.el) (LH'\.!.P.Q) <LH-‘.".€”)_

The process q, defined by equation ( 6.1) satisfies the dynamics

m n

q: = qU+ZZ/ fqu a ;;}AH d“ / GO &) qu qu
j=11i1=1
t
- / qu X!i(ﬂXli'
J0

The symbol @ in the previous equation denotes a point-wise matrix product, where for two matrices of the same
dimensions, the point-wise product is

Ao B = [("(i._j}b(i. )], 1..

=1,....m
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Write

Recalling the numerator in Bayes’ rule, we note that
1 E'[AaZ] | Vi1, = ET[A1)0Zi1, | Vi
=E'[A | Y]

So, by computing the numerator in Bayes’ rule, we can readily compute the normalizing denominator
Bt [A,« | )/f:I The matrix quantityq, defined at (6.1), is an un-normalized conditional expectation, so, the
corresponding normalized conditional expectation is computed by

7 —_q
E[Zt | yf] 1{\1(31:1;;‘

To recover the normalized M -ary detection probabilities from the quantity q;, one computes

Pla= fi | )

q, 1. = Pla= f2| D)
Vyal, [ :

Pla= fu | Vi)

The corresponding normalized detection probabilities are computed, for example, by

Det ¢,
P((l" — f; |ya‘) — (qt‘ f})

{gP 1)
Write
a2 BN [AZ | Y] = B [Aca 2] | ] € RV ©1)
define
(LM er) (LM, en) (L en)
o (L™2,e1)  (LM2,eg) (L2, en) c RMxn
(I=H""-f?1) <LH".’-P'2) (LH";-%)

The process q, defined by equation ( 6.1) satisfies the dynamics
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m n

g g4
q: = qo -+ Z Z ./U (f_;q" (__’f') FUJ.}A':H—J. fhf- + ./l] G G; qu ”LYN

j=1 i=1
ot
- / qu X””].'X”'
Jo
The symbol  in the previous equation denotes a point-wise matrix product, where for two matrices of the same
dimensions, the point -ise product i

AGB= [n.(f-_ﬁ!)[,-_i)];_:L n -
j=1,....m

Write

Recalling the numerator in Bayes’ rule, we note that
1 E'[AaZ] | Vi1, = ET[A1)0Zi1, | Vi
= E'[A¢ | V1]

So, by computing the numerator in Bayes’ rule, we can readily compute the normalising
denominator T [A; | J/}]. The matrix quantityq, defined at (6.1), is an un-normalized conditional expectation,
so, the corresponding normalized conditional expectation is computed by

7 —_q
E[Z; | yf] 1{\1(31:1;;‘

To recover the normalized M -ary detection probabilities from the quantity q,, one computes

Pla= fi| W)

{ a |, _|Ple=5I1%
1{\1qf1n " :

Pla= far | Vi)
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