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ABSTRACT: After a brief introduction to the field of Conic Optimization we present an application
to the (robust) resistor network topology design problem, where the goal is to design an electrical
network containing resistors, such that the dissipation is minimal, given the external current values at
the nodes of the network and assuming that the conductance values satisfy some normalizing
constraint. We present a linear model for the single-current case and semidefinite models for multi-
current cases. All models are illustrated by examples.
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1. Introduction

Avery general mathematical setting of an optimization problem is the following:
min {fo(x):f; (x)<0,i =1,---,m}. (P)
xeX

In this problem, we are given an objective function fy(x) and finitely many functional constraints
f; (x)<0,i =1,---,m. The functions f; (x) are real-valued functions of an n-dimensional design vector x
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varying in a given domain X. The goal is to minimize the objective over the feasible set of the problem, i.e., the
set which is cut off the domain X by the system of inequalities f; (x)<0,i =1,---,m. In general, this is a very

hard problem to solve. The situation is much better if the set X and all functions f; (x),i =0,1,---,m are convex.

In that case (P) is called a Convex Optimization problem. But even then, the problem might be hard to solve.

In this paper we restrict ourselves to a special class of convex optimization problems, namely Conic
Optimization (CO) problems. CO addresses the problem of minimizing a linear objective function over the
intersection of an affine set and a convex cone. The general form is as follows:

min {CT X :Ax -b eK } (ConP)
x eR"N

T

The objective function is ¢' x, where ¢ e R" is called the objective vector. Furthermore, Ax —b represents an

affine function from R" to R™ and K denotes a convex cone in R™. Usually A is given as an mxn

(constraint) matrix, and b € R™. The importance of this class of problems is due to two facts: many nonlinear
problems can be modelled as a CO problem, and, secondly, under some weak conditions on the underlying cone
K, CO problems can be solved efficiently.

The easiest and most well known case occurs when the cone K is the nonnegative orthant of R™, i.e. when
K=RT:
min {CT X :AX —b e RT} (LO)

xRN

This is nothing but one of the forms of the well known Linear Optimization (LO) problem. Thus it becomes clear
that LO is a special case of CO. It is well known that LO models cover numerous applications. Whenever
applicable, LO allows useful quantitative and qualitative information on the problem at hand to be obtained. The
specific analytic structure of an LO problem gives rise to a number of general results which in many cases
provide valuable insight and understanding. At the same time, this analytic structure underlies some specific
computational techniques for LO; these techniques, which by now are perfectly well developed, allow quite large
LO problems (with tens/hundreds of thousands of variables and constraints) to be solved routinely. Nevertheless,
in practice, many situations arise that cannot be covered by LO models. To handle these essentially nonlinear
cases, there is a strong need to extend the basic theoretical results and computational techniques known for LO
beyond the bounds of LO.

When passing from a generic LO problem to its nonlinear extensions, we should expect to encounter some
nonlinear components in the problem. Historically, this was done by putting the nonlinearity in the functions

defining the problem, as done above in problem (P). In CO, however, we replace the cone RT in (LO) by a

convex cone K, and hence the nonlinearity is now captured in the cone. In the next section we discuss some basic
properties of relevant convex cones and we introduce two special cones that play a prominent role in the context
of CO.

In the recent years, a lot of attention has been devoted to CO. The reason is that the interior-point methods
developed in the three last decades for LO, and which revolutionized the field of LO, could be naturally
extended to obtain polynomial-time methods for CO (see, for example Ben-Tal and Nemirovski (2001),
Nesterov and Nemirovski (1994), Roos et al. (2005), Terlaky (1973), Wright (1997) and Ye (1997)). This
opened the way to a wide spectrum of new applications which cannot be captured by LO, e.g. in control theory,
combinatorial optimization, etc. For a complete survey both of the theory of CO and its applications, we refer to
the recent book by Ben-Tal and Nemirovski (2001).

The aim of this paper is to introduce the reader to the theory of CO, and to illustrate its use. LO has a
beautiful duality theory. We will see that much of this theory can be generalized to CO. In Ben-Tal and
Nemirovski (2001), the authors dealt with one of the important applications of CO, namely truss topology
design. We apply a similar approach to the topology design of electrical networks consisting of resistances only.
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We call it the resistor network topology design (RNTD) problem. As far as we know this is a new application of
topology design problems by CO.

The paper is organized as follows. Section 2 introduces the theory of CO including the main duality results
for CO. Section 3 is devoted to the RNTD problem. After introducing some notation in Section 3.1, we derive a
nonlinear and a linear model of the single-current RNTD problem in Section 3.2 and Section 3.3, respectively. In
Section 3.3 we present the solution of of a simple RNTD problem and we show that the resulting design is very
unstable with respect to small perturbations of the current for which it is designed.

Based on a simple variational principle, introduced in Section 3.4.1, we derive a model for the RNTD
problem that enables us to deal with the multi-current case, i.e., the case where we want to design a network that
best withstands a finite set of different external currents. The model is a CO model, of the semidefinite type. It is
shown that by using this model a more stable design can be obtained, but also that the new design may be still
sensitive to small occasional currents. To make the design less sensitive to such perturbations in the design
current, in Section 3.4.3 we make use of a recently developed modelling technique that yields a very robust
design (see, for example, Ben-Tal et al. (1999, 2000), Ben-Tal and Nemirovski (1997, 1998, 1999, 2000, 2001,
2002a, 2002b), EI Ghaoui and Lebret (1997), El Ghaoui et al. (1999) and Soyster (1973)). The paper concludes
with some final remarks in Section 4. A preliminary version of this paper gave rise to Example 8.2.6 in Ben-Tal
et al. (2009). This paper can be seen as a worked out version of this example.

2. Conic optimization

The general form of a CO problem is as given by (ConP). In this section we start with a discussion of the
conditions on the cone K, and we review the three most important cones. Then we deal with the main duality
results for CO. It will become clear that, under some mild conditions, the duality theory for CO closely
resembles the well known duality theory for LO.

2.1 More on convex cones

Recall that a subset K of R™ is a cone if

aeK, 120 = daeK, Q)
and the cone K is a convex cone if moreover
a,aeK = a+a’ ekK. 2

We will impose three more conditions on K. Recall that CO is a generalization of LO. To obtain duality results
for CO similar to those for LO, the cone K should inherit three more properties from the cone underlying LO,
which is the nonnegative orthant:

R ={X =(Xq; -+ Xp)iXj 20,i =1,---,m}.
This cone is called the linear cone. The linear cone is not only a convex cone; it is also pointed, it is closed and it

has a nonempty interior. These are exactly the three properties we need. We describe these properties how. A
convex cone K is called pointed if it does not contain a line. This property can be formalized as follows:

aeK,-aeK = a=0. 3)

A convex cone K is called closed if it is closed under taking limits:
g €K (i=12-), a=lima = aekK. (4)

i >0

Finally, denoting the interior of K as int K, we require that
intk = . (5)

This means that K is full-dimensional, i.e., there exists a vector x € K such that a ball of positive radius centered
at x is contained in K. In CO we only deal with cones K that enjoy the three above properties. So we always
assume that K is a pointed and closed convex cone with nonempty interior. Apart from the linear cone, two other
relevant examples of such cones are
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1. The Lorentz cone
L™ ={x e R™ :x, = fx2+---+x2 4}
This cone is also called the second-order cone, or the ice-cream cone.

2. The positive semidefinite cone ST'. This cone 'lives' in the space S™ of mxm symmetric matrices (equipped
with the Frobenius inner product (A,B)=Tr(AB)=2%; ; A;jBjj ) and consists of all mxm matrices A
which are positive semidefinite, i.e.,

sm :{Aesm :xTAX 20, Wx eRm}.
We assume that the cone K in (ConP) is a direct product of the form
K =Klx.oxk™,

where each component K ' is either a linear, a Lorentz or a semidefinite cone.

If x eK we also denote this as x >k 0, and if x €intK then we write x > 0. If this gives no
confusion we omit the argument K in these notations. For example, if A is a square matrix, then A =0 means
that A is positive semidefinite.

2.2 Conic duality

Before we derive the duality theory for CO, we need to define the dual cone of a convex cone K:

K*:{/ieRm:/lTazo, VaeK}. (6)

We recall the following result from Ben-Tal and Nemirovski (2001).

Theorem 2.1 Let K < R™ be a nonempty cone. Then
(i) the set K« is a closed convex cone;

(i) if K has a nonempty interior (i.e., intK =) then K is pointed;
(iii) if K isa closed convex pointed cone, then intK«=J;
(iv) if K isa closed convex cone, then so is K, and the cone dual to K« is K.

Corollary 2.2 If K cR™is a closed pointed convex cone with nonempty interior then so is K., and vice
versa.
If K« =K, then Kis called self-dual. We leave it to the reader to verify that the three cones introduced in

Section 2.1 are self-dual. Moreover, the dual of a direct product of convex cones is the direct product of their
duals, i.e.,

K=Klx...xK™ = Ki=KlIx...xKM,

As a consequence, any direct product of linear, Lorentz and semidefinite cones is self-dual.
Now we are ready to deal with the problem dual to a conic problem (ConP). We start with observing that

whenever x is a feasible solution for (ConP) then the definition of K« implies AT (Ax —b)>0, forall 1eKx,
and hence x satisfies the scalar inequality

ATAx>AThb, VieKu.
It follows that whenever 1 e K. satisfies the relation

AT A=c )
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then one has

cx=(AT A x=ATAx>2b=b"2
for all x feasible for (ConP). So, if 1 € K. satisfies (7), then the quantity b" 4 is a lower bound for the optimal
value of (ConP). The best lower bound obtainable in this way is the optimal value of the problem

max {bTﬂ:Alec, /IeK*}. (CondD)
2eRM
By definition, (ConD) is the dual problem of (ConP). Using Theorem 2.1(iv), one easily verifies that the duality
is symmetric: the dual problem is conic and the problem dual to the dual problem is the primal problem.
Indeed, from the construction of the dual problem it immediately follows that we have the weak duality
property: if x is feasible for (ConP) and A is feasible for (ConD), then

c'x—b" 120,
The crucial question is, of course, whether we have equality of the optimal values whenever (ConP) and (ConD)
have optimal values. Differently from the LO case, however, this holds only if some additional conditions are
satisfied. The following theorem clarifies the situation. For its proof we refer again to Ben-Tal and Nemirovski
(2001). We call the problem (ConP) solvable if it has a (finite) optimal value, and this value is attained. Before
stating the theorem it may be worth pointing out that a finite optimal value is not necessarily attained. For

example, the semidefinite problem
x 1
min X :{ }t 0
X,y eR{ 1y

has optimal value 0, but one may easily verify that this value is not attained. We need one more definition: if
there exists an x such that Ax —b eintK , then we say that (ConP) is strictly feasible. Thus we have similar,
and obvious, definitions for (ConD) being solvable and strictly feasible, respectively.

Theorem 2.3 Let the primal problem (ConP) and its dual problem (ConD) be as given above. Then one has
i. (a) If (ConP) is below bounded and strictly feasible, then (ConD) is solvable and the respective optimal
values are equal.
(b) If (ConD) is above bounded and strictly feasible, then (ConP) is solvable, and the respective optimal
values are equal.
ii. Suppose that at least one of the two problems (ConP) and (ConD) is bounded and strictly feasible. Then a
primal-dual feasible pair (x,4) is comprised of optimal solutions to the respective problems

(a) ifand only if b A=c x (zero duality gap) and

(b) if and only if Al [AX —b]=0 (complementary slackness).

Note that this result is slightly weaker than the corresponding result for the LO case. In the LO case the
same theorem holds by putting everywhere 'feasible’ instead of 'strictly feasible'. However, the adjective 'strictly’

cannot be omitted here. For a more extensive discussion and some appropriate counter-examples we refer to
Ben-Tal and Nemirovski (2001).

3. The resistance network topology design problem

A resistance network is an electrical network comprised of resistors only. The resistors are linked to each
other; the points at which they are linked to each other are called the nodes of the network. We consider the
situation where the input and output currents at the nodes are given. Our aim is to design a resistance network
that minimizes the dissipation, i.e., the energy consumption, of the network. We call this the Resistance Network
Topology Design Problem (RNTD) problem).
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3.1 Preliminaries

We assume that some of the nodes are connected to earth. These nodes are called fixed nodes; the
remaining nodes are called free nodes. Let V_(V ) denote the set of (free) nodes in the network. For each node
v eV, vy, will denote the potential of v. If v is a fixed (i.e., grounded) node then ¥, =0, so ¥, can be

nonzero only if v is a free node.
To each resistor we associate a directed arc (v,w) connecting the nodes of the resistor. The set of all arcs

is denoted as A. The node-arc incidence matrix of the resulting directed network is denoted as B. So B is a
|V_|><|A| matrix. If ueV and a=@w)ecA then Bu,a)=1 if u=v, B(u,a)=-1 if u=w, and
B (u,a) = 0 otherwise. In other words,
1, if u=v,
Bu,(vw)=<-1, ifu=w, ueV, @w)eA. (8)
0, otherwise.

The matrix obtained by removing the rows of B corresponding to fixed nodes is called the structural matrix of
the network and denoted as B. In Belevitch (1968), matrix B is called the partition matrix of the network.

The vector of external currents is denoted as a vector f eRY . So f (v) denotes the external current in the
free node v; f (v) may be either positive, negative or zero. The currents on the arcs in the network are denoted

as Xy, ,» and x is the vector of all currents. So x e RA. Kirchhoff's first law gives the balance equations in the
free nodes, which are simply
Bx =f. 9)
We assume that for every free node v such that f (v) =0 there exists some path in the network to a fixed node.
Then (9) certainly has a solution.
We denote by y (y )the vector of the potentials at the (free) nodes. So y, =0 if v is fixed, and otherwise

Yy =Yy . By Ohm's law, on each arc a=(/,w)eA we must have Xy, kw =Yy —Vw » Where r,, denotes the

resistance value of the arc. In other words, since y, —Y,, =by, ¥, where by, denotes the column of B
corresponding to arc (v ,w),

BT ¥ =Rx,
where R denotes the diagonal matrix of size |A|><|A| with the resistance values on the diagonal, i.e. R =diag(r).

Since y,, =0 for all fixed nodes, we have BT y = BT y. Thus we obtain
BTy =Rx. (10)
Note that if r,, =0, then we may identify the nodes v and w. Thus we may assume without loss of generality
that r,, >0 for all arcs(v,w). We allow resistance values to be oo (if the corresponding nodes are not
connected). The conductance value of arc (v ,w ) is denoted as gy, . So, letting 1/ =0, g,,, =1/x,, , for each
arc. Defining G =diag(g), where g is the vector of conductance values, we have G = R, and equation (10) is
equivalent to
GBTy =x. (11)
Substitution into (9) yields
BGBTy =f. (12)
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The matrix BGB is called the conductance matrix of the network. This is a [V |x|V | matrix. Note that the

conductance matrix depends linearly on the conductance values. Without loss of generality we assume that the
conductance matrix is nonsingular. From a physical point of view, it is obvious that whenever (12) has a solution

then this solution is unique. In fact, one may prove that the matrix BGB' is positive definite if and only if the
(undirected) subgraph consisting of all edges with positive conductance values is connected (Gosh et al., 2008).

To complete our model, we note that the dissipation of the network is a function of the external current
vector f and the conductance vector g. We denote it as Diss¢ (g). One has

Diss; ()= X x\,zW Row =x"RX .
(v w)eA
Using (10), (9) and (12), respectively, this can be reduced as follows:
Diss (g)=x' Rx =x' (BTy):(Bx)Ty:ny. (13)

Purely to illustrate the use of the above relations, we include some elementary examples.
Example 3.1 (Replacement resistance of a ladder network)

With the tools developed so far we can easily derive both well known and new formulae for replacement
resistances. Obviously, when entering a unit current e, at a free node v, the replacement resistance from node v
to earth is equal to the potential y, at the same node. Due to (12), we conclude that the replacement resistance at
any free node is equal to the corresponding element on the diagonal of the inverse matrix of the conductance
matrix BGB' . As an example we consider the network drawn in Figure 1. The nodes are numbered as indicated
and the resistance values at the drawn arcs all are equal to 1. The nodes 5 to 9 are taken to be fixed. The nonzero

elements in the matrix B are as follow below. (In this paper, we orient the arcs such that the node numbers are
increasing along the arcs, but any other choice is admissible.)

(01 (12) (23) (34) (1L6) (2,7) (38) (49)

0|1
1 (-1 1 1
2 -1 1 1
3 -1 1 1
g_4 -1 1
5
6 -1
7 -1
8 -1
9 | -1

Removing the rows corresponding to fixed nodes we get the structural matrix B:
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(01) (12) (2,3) (34) (1L6) (2,7) (38) (49)

-1 1

Since R is the unit matrix I, we have G =1 and hence the conductance matrix satisfies BGB' =BB' :

1 -1
-1 3 -1
BGB' = -1 3 -1
-1 3 -1
1 2
The inverse matrix is
34 13 5 2 1
. 13 13 5 2 1
(BGBT)_ -1ls 510 a4 2|
21
2 2 410 5

1 1 2 5 13
If we want to know the resistance matrix at node 0, we just take f :[1;0;0;0;0], which gives
y :[34;13;5;2;1]/21, whence y; =34/21. We conclude, that the replacement resistance at node O, i.e., the
resistance from node O to earth, equals 34/21. Similarly, at nodes 1 and 4 the replacement resistance is 13/21,
and at nodes 2 and 3 the replacement resistance is 10/21.

@ff\@fg\i
oL

Figure 1. Ladder network of length 5.

In the above example we dealt with a ladder network of length 5. We can easily compute the replacement
resistance r, of the ladder network of length n (n >2) by using the recursive formula
-1
1+ rn 1 '

rn =1+ ry=2.

From this one easily deduces that r; =34/21, as it should, and also that r,, converges to (1+ \/g)/Z if n goes
to infinity.
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Example 3.2 (Resistance between two adjacent points in a rectangular grid)

An old question is to find the resistance between two adjacent grid points of an infinite square lattice in
which all the edges represent identical resistances R. The result is R/2, and an elegant and elementary solution
of the problem is given by Aitchison (1964). We consider a grid of size mxn with m odd and n even. For
m =3 and n =4 the network is depicted in Figure 2. We assume R =1. We want to know the resistance
between nodes 6 and 7; these are the end nodes of the resistance in the heart of the network. This resistance is
equal to the potential at node 6 when connecting node 7 to earth and entering a unit current at node 6.

Figure 2. Example of a grid network.

As in the previous example, we use a value which is precisely the value of the element on the diagonal of the

inverse matrix of the conductance matrix BGB" corresponding to element 6. Table 1 gives the results for some
small values of m and n:

Table 1. Replacement resistance of 'central’ arc in a grid network

n 2 4 6 8 10 12

1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.600000 0.565217 0.563636 0.563567 0.563564 0.563564
0.578947 0.526882 0.522166 0.521701 0.521652 0.521647
0.577465 0.519923 0.512364 0.511120 0.510897 0.510856
0.577358 0.518430 0.509238 0.507202 0.506696 0.506566
0.577351 0.518098 0.508154 0.505538 0.504735 0.504477

—

m

©O© N oO1WwEk

[N
[EEN

Table 2. Replacement resistance of 'central’ arc when K increases
m n replacement resistance
2 1.0000000000000000
4 0.5652173913043479
6 0.5221664118803231
8 0.5111196478156734
9 10 0.5066959790643568
11 12 0.5044767482078642
13 14 0.5032046931553875
15 16 0.5024076601669391
17 18 0.5018752216213316
19 20 0.5015018885720043

~N oW

Boo~vwoon~wNnek|x

By taking m =2k —1, and n = 2k we found the values in Table 2 for k =1,---,10. If k goes to infinity the
value converges to 0.5, in agreement with the aforementioned result of Aitchison (1964).
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3.2 Nonlinear model for the RNTD problem

With the results of the previous section we can now build a mathematical model for the RNTD problem.
We assume that the nodes are given and also which of these nodes are fixed. Furthermore, the external current f
is given. We want to find conductance values in such a way that the dissipation is minimized. Mathematically
speaking, this amounts to solving the following minimization problem in the vector y of the potentials and the
vector g of conductance values:
min{ny :BGBTy =f, g 20},
9.y
where G =diag(g). If y and g are feasible, and 1 >0, then g/1 and Ay are feasible as well, whereas the
objective value is multiplied by A. Hence, letting A decrease to zero, the objective value approaches to zero,
but then all conductance values go to infinity, which means that all resistance values go to zero.

To prevent this pathological situation, we add a normalizing constraint which requires that the sum of the
conductances is bounded above by some positive constant @. We may think of the number « as a measure for
the amount of copper that is available for connecting the nodes. The more the amount of available copper the
larger the sum of the conductance values can be and the smaller the dissipation in the network. Thus we arrive at
the following model:

mindfTy:BGBTy =f, g>0, ¥ g, <o
9.y (V,W)eA

Below we use the shorthand notation A(g) for the conductance matrix BGB' . Thus we reformulate the above
problem as
min{f Ty :A(@)y =1, ¢’ g <o, g =0}, (14)
9.y
where e denotes the all-in-one vector in R .
Note that as a consequence of the above argument the constraint el g <w will always be tight at an
optimal solution. Moreover, if g* and y * are optimal solutions for w=1, then for other values of @ the
optimal solutions are wg * and y */w. Also, since A(g) is linear in g, the equality constraints in (14) are

nonlinear (they are in fact bilinear in g and y). As a consequence, from a practical point of view, the model (14)
cannot be solved efficiently. In the next section we present a much simpler, linear and hence computationally
tractable, model.

Example 3.3
Consider a network with 4 nodes, numbered from 1 to 4. We take node 1 to be fixed and the external
currents in the nodes 2, 3 and 4 to be 4, -8 and -16 respectively. Thus we have

(12) (13) (14) (23) (24) (34)

2 |1 1 1 4
B=3 -1 -1 1|, f =| -8
4 -1 -1 -1 -16

With @ =6, we computed the dissipation for two different values of g. The results were as depicted in
Figure 3. If g,,, =0 , thenarc (v,w) is not drawn. The numbers next to the arcs show the entries of the current

vector x, and those next to the nodes the entries of the potential vector y. The dissipations are 184 and 96,
respectively. As will become clear later on, the last network is an optimal solution of the nonlinear problem (14).
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3.3 Linear model for the RNTD problem
The voltage over resistor &, is given by
— _l\T
Tyw _|YV —Yw | —‘y byw ‘.
where b, denotes the column of B corresponding to arc (v,w ). In practice, it is desired that the voltages do not
exceed a threshold value. Therefore, it becomes natural to impose an upper bound on the voltage values. Taking

network arcs free nodes fT-e
' (1.2) (1.3) (1.4) (2,3) (2,9) (3,9) 5 3 4 Y

T 4 T 9 3 5 2 y: —4 =7 =9 184
g o 3 I 3 1 o0
r 00 % % 2 2 00
T 0 G 14 2 2 0 Y 0 —4 —4 96

Figure 3. Several 4-node networks for @ =6 and f =(0;4;-16;-4).

this upper bound to be equal to 1, we therefore consider the following maximization problem:

max{ny:‘yTb\,W‘sl, v(v,w)eA}. (15)
y

In this section we deal with the surprising fact that any optimal solution of the linear problem (15) and its
dual problem can be used to construct an optimal solution to the nonlinear model (14). The nonlinear constraint

‘yT byw ‘sl can be replaced by —1< yTh,W <1, which makes the problem a linear optimization problem. Also

note that the constrains in (15) can be written as ||BT y ||0O <1. The dual problem of (15) is given by

min {"X "1 = ¥ XywBw =T } . (16)
X (v A

Xyw |
w )eA

2
(vw)e
The constraint in the dual problem can be written simply as Bx =f . Since this equation has a solution, the dual
problem is feasible. The primal problem is feasible as well (take y =0). Hence, by the duality theorem for

linear optimization, both problems have optimal solutions and their optimal values are equal. If y is primal
feasible and x dual feasible, then we may write

ny: 2 XvaTb\/w <
cA

2 |Xvw ”yTb\/W ‘g
] jea

vw

> Pw =] "1
cA

vw)
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which is nothing else than the weak duality property in the current situation. Hence, y and x are optimal, for (15)
and (16) respectively, if and only if the above two inequalities hold with equality, and this holds if and only if

Xow Y B =w |, V(v W) eA. 17
It is worth pointing out an important consequence of this result, namely that if y is primal feasible and x dual
feasible, then these solutions are optimal for (15) and (16) if and only if:

for every arc(v ,w ) with nonzero current the voltage | yT b, |equalsl. (18)
Also note that (17) is equivalent to

diag(x )BTy = Ix]. (19)
3.3.1 Correctness of the linear model

In this section we show that if y* and x* satisfy (17) (i.e., are optimal for (15) and (16) respectively) then

S 2

g =i Y=—=Y (20)
[l @

is an optimal solution to the nonlinear model (14). We first show that these § and y are feasible for (14), and

after this that they are also optimal.

One obviously has g >0. The inequality el g < w holds with equality, because we may write
er | _

I3

showing that the normalizing constraint is tight. Furthermore,

W, (21)

(20) (19) (16)
A(G)y =Bdiag (§)BTY = B diag(|x*|)BT y* = BTx* =f .
Thus we have shown that § and y are feasible for (14). It remains for us to show that the objective value

fir y is minimal. We start by computing this value for the solution given by (20). One has

20 * * lg * *
T )7(1:6))7T Bx*(:)My A Bx*= MeT (diag(x*)BT y*)(=)||x |LeT x*|= ¢ "‘2 .
(2] w [ 9
Thus we must further show that if g and y are arbitrary feasible solutions to (14), then

*[2
fTy> M , (22)
[0

where x™ is any optimal solution of (16). To show this we define, according to (11),
x =GB' y.
Then, since g and y are feasible solutions of (14), we have
Bx =BGBTy =A(g)y =f,
demonstrating that x is feasible for (16). Since x* is optimal for (16), we conclude that

el ) @)
The last step in this analysis consists of proving that (23) implies (22). We have

2
fTy =(Bx)'y =(BGBTy)T y =y"BGB"Yy =(GB"Yy) R(GB"y)=x"Rx =||R%x|| .

On the other hand, using e = Rg =R 2g? and the Cauchy-Schwarz inequality we obtain
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2 2

R2x :(eTg)"R%x <af Ty, (24)

[ =@ X =10y RE[x D <o’

1 2
where the last equality follows since e’ g <@ and f Ty = "R 2x | . Hence, also using @ > 0 and (23), we obtain
2 2
(s DB
w [0

proving (22).

Thus we have shown that optimal solutions of the linear problem (15) and its dual (16) contain all the
information we need to obtain an optimal solution of the nonlinear problem (14). The above proof makes clear

that in any optimal solution we have [x ||f =of Ty, and due to (24) this holds if and only if

2 2

[(g%)T (R%|x|)]2 :‘g% R%|x| and e'g=w.
Since the vectors g% and R%|x| are nonzero we deduce from the first equality that g,,, >0 implies x,,, >0
and, moreover, for all such arcs (v,w ) the products &, |x,,, | have the same value. Since K, [x,y, | is equal to
the voltage over arc (v ,w ) we conclude that g is optimal if and only if

el g =, if g,, >0 then x,,, #0 and |y, —V,, | isconstant. (25)
Using this one easily verifies that the second network in Figure 3 is optimal.
3.3.2 Stability with respect to small perturbations

In this section we consider an optimal network g for a given external current f. One may wonder how the
network behaves when it is fed with a current that differs slightly from the current f for which it is designed. We
will demonstrate in this section that very small perturbations in the design current f may have a disastrous effect
on the dissipation.

To make this clear, let z be a nonzero eigenvector of A(g) with eigenvalue 4>0. So we have

A(g)z =4z #0. Let f denote the design current of the network and y the corresponding potential vector.

Without loss of generality we assume that |z||=|f | and zTf >0. Now consider the situation that the design
current is replaced by

f(y)=f +yz
for some y>0. Then the potential vector y(y) under the new current follows by solving the equation
A(9)y(y)=f +yz. Since A(g)y =f and A(g)z = Az, this gives
/4
—y+4z.
yin=y+~7
The new dissipation then satisfies
2
; - U Y, =T T VeT Y T
Diss =(f +yz +=z |=f +yz'y+=f z+4—z2"7 .
f(y)(g)(y)[ylj y+rzy+2 )
Onehas f Ty =Diss; (g), f 1220, 7' z = |f ||2 and
22Ty =yT (az)=yTA(@)z =2" (A(g)y)=2"*f >0,

whence z" y >0. Thus we obtain
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. . 7/2 2
Diss; (,)(9) > Diss; (g)+7||f [ (26)

It thus follows that the effect on the dissipation of a small perturbation of the design current may be large if the
eigenvalue A is small.

0.001 0.01

Figure 4. A 5-node network with given external currents in the free nodes.

Example 3.4
By way of example we consider the 5-node grid shown in Figure 4 with @ =10, The nodes are numbered

as indicated. Node 1 is fixed and the values of the input currents in the remaining nodes are as shown. The
matrix B and the input vector, which we denote as f,, are as follows.

(12) (13) (14) (15 (23) (2,4) (25 (34) (35) (4,5)

21-2 0o o0 o0 1 1 1 0 0 0 0.0010
B =3 o -1 0 o -1 0 0 1 1 0 Cfy= 10.0000
4 | o o -1 0 0 -1 0 -1 0 1 0.0100
5 0 0 o -1 0 0 -1 0 -1 -1 —0.0100

For the optimal solution of (14) the following holds:

[0.000571] [—0.000572]]
9.981628 —9.992608
0.007812 -0.007820
0.000000 —0.000000 1.001100
0.000000 0.000000 1.001100
917971 65000000/ * 7| 0.000000] ¥ ~|1.001100]
0.000428 0.000428 0.000000
0.000000 0.000000
0.007384 0.007392
0.002177 | | 0.002180 |

Moreover, the dissipation equals 10.022012 . The matrix A(g) is given by
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0.000999 -0.000000 —0.000000 —0.000428
—0.000000 9.989012 -0.000000 -0.007384
—0.000000 -0.000000  0.009989 —0.002177 |’
—0.000428 -0.007384 -0.002177 0.009989
whose eigenvalues are 0.000977, 0.007822, 0.012172, and 9.989018. So the smallest eigenvalue is
2 =0.000977, and a corresponding eigenvector u such that |u||=|f4] and f, u >0 is given by

9.986587

0.000372

0.121645 |

0.503471

A(g) =Bdiag(g)B" = (27)

Using (26) we derive that
2
R . 2 R
Dissy, (,)(9) 2 Dlssfl(g)+77||f1|| > Disst, (9) +10231752 .

Hence, for y =0.1, the dissipation becomes about 1023. Thus we conclude that a perturbation of the design

current of only 10% may lead to an increase of the dissipation by as much as a factor 100. For future reference
we give the perturbed external current yielding this increase in the dissipation:

0.999659
10.000037
fo=f1(0.1)=f;+0.lu = . 28
2=h 0= 0.022165 (28)
0.040347
The actual dissipation for f, is given by 1035.225318.

The above example makes clear that a small perturbation of the design current may cause a large increase
of the dissipation. In practice, this phenomenon may cause the network to be burned. So it is a an important
question if we can find a network that is more robust with respect to small perturbations of the design current.

3.4 Robust models for the RNTD problem

In this section we start by showing that the RNTD problem can also be modelled as a semidefinite
optimization (SDO) problem. An advantage of the SDO model is that it naturally extends to the multi-current
case, i.e., the case where we want to design a network that is able to withstand a finite set of different currents in
the best possible way. This enables us to improve the robustness of a network considerably.

3.4.1 Semidefinite model for the RNTD problem

It has become clear in the previous section that for a given network g with external current f the dissipation
equals f Ty, where y follows from the equation A(g)y =f . Hence we have

Diss; (g)=f Ty =fTA(g)™f . (29)
Theorem 3.5 Diss; (g) < holds if and only if
T
{T f }»o. (30)
fA(9)

r—f T A(g)Hf >0.

Proof. By (29), Diss; (g) <7 is equivalent to
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By Lemma 5.1 this is equivalent to (30), proving the theorem.

Recall that the matrix A(g) = BGB' s linear in G. This means that (30) is an LMI. Due the semidefinite

representation of the dissipation, as given by Theorem 3.5, we can formulate the RNTD problem as the
following semidefinite optimization problem:

mm{w[’ i }EQeTQSaLQZO}. (31)
7,9 f A(9)

3.4.2 Semidefinite model for the multi-current RNTD problem

A big advantage of the above model is that it can be easily adapted to obtain a RNTD that can best
withstand a finite number of currents fj , 1< j <k (not acting at the same time). We simply need to solve the
following semidefinite problem:

T ij . T
min47: ~0,j=1,-,k e g<w, g=0;. (32)
.9 i A9)

The design variables are the components of the conductance vector g and zeR. A crucial issue is that the

matrices in (32) depend linearly on these variables. The corresponding inequalities in (32) are therefore called
linear matrix inequalities (LMI's). They express that the highest dissipation, over the currents fq, ---,f, , of the

network determined by g does not exceed =, while the linear inequalities el g<w and g >0 express that
g =(91, ---,9p) is an admissible network.

A natural question is whether we can solve this model efficiently. The answer is affirmative, as may be
clear from Section 1. So we are ready to give an example.

Example 3.6
We turn back to the problem considered in Example 3.4. There we considered a network for the single
design current f4, and we also subjected the resulting network to the current f,, as given by (28). These forces
are given by
0.0010 0.999659

. | 10.0000 _ 10000037 (33)
17| 00100 27| 0.022165]
00100 0.040347

Our aim is to optimize the network with respect to both currents by solving (32) for k =2 and f; and f,, as
just given. The optimal solution turns out to be

0.903687
9.039812
0.020035
0.036466
0.000000
0.000000 |’
0.000000
0.000000
0.000000
| 0.000000 |

gy = 7y =12.237244.
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The resulting network has a topology different from the network in Example 3.4, where f; was the design
current. The dissipation of the new network with respect to f; is 11.069912. In Example 3.4 the dissipation was
10.022012. So the dissipation in the new network, when loaded with f,, is about 10% higher than the minimal

dissipation. This is the price we pay for more robustness, as becomes clear by computing the dissipation with
respect to f,, which is now 12.237244, an increase of only 22%. This is an enormous improvement with respect

to the network of Example 3.4 where f, gave rise to an increase of the dissipation with a factor of more than
100.

Note that this result does not necessarily imply that the new network is stable with respect to other small
perturbations of the current. We investigate the instability using the same approach as in Section 3.3.2. For the
new network the smallest eigenvalue of A(g) is 4 =0.020035 and the corresponding (normalized) eigenvector
u such that [u]| =f4] and f{' u >0 is given by

0.000000 |

0.000000

10.000010 |

0.000001 |

It we replace the design current by f1(y) =f, +u, with » =0.1, we get
0.001000 |

10.000000

fa:=fy(0.1)=f;+0.u = . 34

3:=f1(01) =1 1010001 (34)

—0.010000 |

The dissipation in the network then becomes 61.981951, an increase with more than a factor of 6 with respect to
the minimal dissipation for f,. Of course, we then can solve the multi-current model (32) for the input currents

f1, fo, and f3, which gives

0.532924 ]
8.769407
0.496593
0.016689
9= ~0.000000 . 73:=13.003520.
0.170698
~0.000000
~0.000000
~0.000000
| 0.013690

The dissipations with respect to the respective input currents are now 11.406625, 13.003521 and 13.003521,
which is a significant improvement. Note that the last two numbers are (a little) larger than z3; this must be due

to inaccuracy in the computations. For future use, we computed also a worst-case input current for this network,
in the same way as before, which gives
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—0.004708

10.000000

-0.012523 |

-1.009731

It still may happen that some unforseen small perturbation of one of the three input currents f; in the last

example may drastically increase the dissipation. In the next section we present a model which yields a network
that withstands every perturbation of the design vector f;, provided that the norm of the perturbation does not

f, =

exceed a prescribed fraction of |f.

3.4.3 A more generic RNTD model

When dealing with robust optimization models for the RTND problem the most natural situation to
consider is the case where the input current may be modified by arbitrary small perturbations. We therefore
consider the situation where the set of external currents F has the form

F:{f =f"4+Qz:2"2 sl}, Q eM™P, (35)

where f " is the design current and the ellipsoid {Qz 2"z gl} contains all perturbations that might occur. The

matrix Q has to be chosen such that F contains all possible external currents that the network has to withstand.
Since the set F is infinite, we meet a difficulty not present in the case of finite F, namely that the objective now
is to minimize
Dissg (g) := sup Disss (9), (36)
f eF
which is the supremum of infinitely many semidefinite representable (SDR) functions. Fortunately, it is easy to
get a semidefinite representation for Dissg (g). In the next theorem I, denotes the unit matrix of order p.

Theorem 3.7 Let F be as given by (35). Then one has Diss; (g) <z foreach f F ifand only if
-2 (™ o0
f" A@ Q |-0.
o Q" Al

Proof. Due to Theorem 3.5 we have Dissg (g) <7 if and only if

-

v f =0, Vf eF,
f A(g)

or, equivalently, if and only if

T (f " +Qz )T

f"+Qz A(9)
We have the following chain of equivalent statements, each being equivalent to the above property:

>0, v(z 27z sl).

a21+2a’(f " Q2 )T B+ A@)S=0, VaeR,VieR, v(z 272 sl)
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N azr+2a(f ”)T B+ A@Q)S+2227QT >0, VaeR, v,BeRV,v(

.
o a21+2a(f ”) B+ B AQ)S+2 min @2’ QT >0, VaeR,VBeR’

zz K41

N a21+2a(f n )T B+A A@)B-2laQT l=0, vaeR, vBeR’

.
PN a21+2a(f ”) B+B A@Q)S+27 QT 20, VYaeR, VBeR', Y1 n<a?).

Thus it becomes clear that Dissg (g) <z holds if and only if, for all «, 3, 7 :

.
7 n<a® = a2r+2a(f") B+p A@)B+27 QT 0.

By the S-lemma (Lemma 5.2) this holds if and only if there exists 4 >0 such that

a’r+2a(f " )T p+F A@)B+21 QT p=a(a® -0 1),

which can be written as

a2 (-2)+2a(t ") g A@ B2 QT pean 020,

This implies the statement in the theorem.

An immediate consequence of the above theorem is that

Dissg (9) =minqz:| f "

7,9

Example 3.8

-2 (™ o

A(g) Q |-0, e'g<o,
0 QT

Al

z:2'z<1

37)

In order to get a 5-node network with design current f,, and @ =10, which is robust with respect to

arbitrary perturbations u, with [u]| <0.1||fs] we solve (32) with f " =f; and Q the identity matrix. This gives

74 =14.414417 and

94 =

[0.417292]
8.741458
0.424783
0.408135
0.000000
0.000000
0.000005
0.000000
0.008310

| 0.000019
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This network admits perturbations up to 10% of the design current, while the dissipation will never exceed
14.414417. The dissipations for f;, f,, f; and f, are 11.429114, 13.830830, 13.830830, and 13.831614,

respectively. These values are all well below 7,4.

Table 3. Optimal networks and their dissipations

0 g 01 g 93 94

1 J12 0.000571 0.903687 0.532924  0.417292
2 013 9.981628 9.039812  8.769407  8.741458
3 J14 0.007812 0.020035  0.496593  0.424783
4 O15 0.000000 0.036466  0.016689  0.408135
5 023 0.000000 0.000000  0.000000  0.000000
6 024 0.000000 0.000000 0.170698  0.000000
7 Jo5 0.000428 0.000000  0.000000  0.000005
8 O34 0.000000 0.000000 0.000000  0.000000
9 O35 0.007384 0.000000  0.000000 0.008310
10 045 0.002177 0.000000 0.013690 0.000019
11 | design dissipation 10.022012  12.237244 13.003520 14.414417
12 | dissipation w.r.t f; 10.022012  11.069912 11.406625 11.429114
13 | dissipation w.r.t f, 1035.225318 12.237244 13.003521 13.830830
14 | dissipation w.r.t f 117.229046 61.981951 13.003520 13.830238
15 | dissipation w.r.t f, 118.800746  39.028988 45.311988 13.831614
16 Amin (A(9)) 0.000977  0.020035  0.030070  0.416460

3.4.4 Summary of the results

Let us summarize the results of this section. In Section 3.2 we started by presenting the basic model (14)
for the RNTD problem. This model contains the bilinear equality constraint A(g)y =f;, which makes it hard to

solve. Surprisingly enough it became clear in Section 3.3 that the solution of (14) can be constructed from the
solution of the linear optimization problem (15) and its dual problem (16). The bad news of Section 3.3.2 is that
the network thus obtained may suffer from serious instability. We showed in Example 3.4 that a 10%
perturbation in the design current f; may multiply the dissipation by a factor of 1000.

The good news is in Section 3.4. We first presented the multi-current model (32) in Section 3.4.2, which
already gave a substantially improved robustness. Next, in Section 3.4.3 we derived the model (37), which yields
a network that is stable with arbitrary perturbations of prescribed size. We demonstrated this in some examples.
Table 3 summarizes the results of the examples in Section 3.4.

The last four columns in Table 3 correspond to the networks g;, 1<i <4, that we found in these

examples. The zero entries in g; refer to edges that are not used. Note that arcs (2,3) and (3,4) are never used.

The table shows the dissipations for these networks for the input currents f,, f,, f3 and f,. One has

[f1—f;[ =0.1)jf1|| for i >3. In other words, each f; with i >3 is a 10% perturbation of ;. Recall that g, is

optimal for f; and g, is optimal for {f;,f,}. The network g3 is optimal for {f,f,,f3}, and g, is such that

for all 10% perturbations of f; the dissipation will be at most z, =14.414417. The last row gives the smallest
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eigenvalue of the conductance matrices A(g;). We saw in Section 3.3.2 that this eigenvalue can be considered
as a measure for the robustness of a network. Indeed, the last row shows that this eigenvalue is increasing in i.

4. Concluding remarks

It is now well-known that CO is a powerful tool for the mathematical modelling of inherently nonlinear
problems. The subject thanks its existence to the development of efficient solution methods for CO problems in
the last decade. In particular, the possibility of modeling robustness of a design in a computationally tractable
way opens up many new applications. A major source for the techniques used in this paper is Ben-Tal and
Nemirovski (2001), where one of the striking examples concerns the development of CO models for robust truss
topology design. In the present paper we apply the same approach to the inherently more simple case of the
robust resistor network topology design problem. It is shown that, by using semidefinite models, the robustness
of the design can be significantly improved. The extension to more general electrical networks, with inductances
and capacitors, seems to be a promising subject for future research.

5. Appendix

To make the paper self-supporting we list in this appendix two lemmas that are used in the paper. For the
proofs we refer to the literature. The first lemma is known as the Schur complement lemma.

Lemma 5.1 (Lemma 4.2.1, page 148 in (Ben-Tal and Nemirovski, 2001))
B C'
C

definite. Then D —CB ~'CT is called the Schur complement of B in A. One has
A0 < D-CBCT -o0.

Let A :{ } be a symmetric matrix with k xk block B and ¢x ¢ block D. Assume that B is positive

We conclude with the so-called S-lemma.

Lemma 5.2 (Theorem 4.3.3, page 176 in Ben-Tal and Nemirovski (2001))

Let A and B be symmetric nxn matrices, and assume that xT Ax >0 holds for some x. Then
x"Ax >0 = x'Bx=>0

holds for all x if and only if there existsa A >0 such that B > AA.
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