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ABSTRACT: A family of implicit-in-time mixed finite element schemes is presented for the numerical
approximation of the acoustic wave equation. The mixed space discretization is based on the displacement form of
the wave equation and the time-stepping method employs a three-level one-parameter scheme. A rigorous stability
analysis is presented based on energy estimation and sharp stability results are obtained. A convergence analysis is

carried out and optimal a priori L”(L?) error estimates for both displacement and pressure are derived.

Keywords: Energy technique; Error estimation; Mixed finite elements; Wave equation.
A gal) Ualeal G -Adalidal) 53 gaaall paliad) § hal Adgcal) Undlf o) ya85
kﬂ\w

slizmdl) av i o8 A gall A gall Aabaal (ganall o 8l (e ) (8 Aieall 5 A laliaal) 83 ganall paliall (3 yha (1a B e ) 2 2t 1padla
e Aaaiiuall 3kl ) i) Jlat o aal s ke Adag ye <l e B o e 31 Gy ) ey A gal) Alalaad da) Y1 AN ) Sl
Jsall g dal 3V e S e IS8 7 (L2) V) Wadll j0ns g ol Jalas o3 LS A8 il ) Jaca sill g 48U 005 b

AU Auiss Uadl)l a8 Alalisdl) 3 ganall paliall cda sall Aalae doaliia clals

1. Introduction

he acoustic wave equation is used to model the effects of wave propagation in heterogeneous media. Solving this

equation efficiently is of fundamental importance in many real-life problems. In geophysics, it helps for instance
in the interpretation of the seismograph field data and to predict damage patterns due to earthquakes. Using finite
element methods for its approximation is attractive because of the ability to handle complex discretizations and design
adaptive grid refinement strategies based on error indicators.

Previous attempts on wave simulation by finite elements have used continuous Galerkin methods [1-6], mixed
finite element methods [7-13], and discontinuous Galerkin methods [14-17]. In a mixed finite element formulation both
displacements and stresses are approximated simultaneously. This approach provides higher-order approximations to
the stresses. This property is important in many problems, in particular in modeling boundary controlability of the
wave equation [18]. One of the main difficulties of the mixed finite element techniques is the requirement of
compatibility of the approximating spaces for convergence and stability.

Given a bounded convex polygonal domain © in R™, m=2,3, with boundary 6Q=T,uT,, and unit

outward normal v, the general form of the wave equation is

pu, +V-7=f in Qx(0,T), 1)
V.u=0 onTI,x(0,T), )
u-v=0 onTx(T), 3)

ui0)=u’ inQ, 4
u (,0)=Vv* inQ, (5)

where u is the displacement, p is the density, and 7 is the stress tensor given by the generalized Hooke's law
F= AV-u)l+u(Vu+(Vu)') . Here 1>0 and u are the Lamé coefficients characterizing the material. The function
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f represents a general source term and u® and v° are initial conditions on displacements and velocities. We assume
that f, u® and v° are sufficiently smooth that there is a unique solution ueC?((0,T)xQ) to (1)-(5), see [19].

The limiting case of (1) with z =0 is referred to as the acoustic wave equation, which is

pU +V-(AV-u)l) =1 (6)
It is assumed that o and A are bounded below and above by the positive constants p,, p,, 4,,and A, respectively.
This vector equation is equivalent to the scalar wave equation after making the substitution p = AV,u. The mixed

method is established by using this relationship, leading to the coupled system
pu, —Vvp=~f inQx(0,T), @)
Atp=V-u inQx(0,T), (8)

with the appropriate boundary and initial conditions.

A priori error estimates for solving (7)-(8) were obtained in [7, 8, 9, 10]. In [9], Geveci derived L*- in-time, L*-
in-space error bounds for the continuous-in-time mixed finite element approximations of velocity and stress. In [7,8], a
priori error estimates were obtained for the mixed finite element approximation of displacement which requires less
regularity than was needed in [9]. Stability for a family of discrete-in-time schemes was also demontratred. In [10], an
alternative mixed finite element displacement formulation was proposed reducing requirement on the regularity on the
displacement variable. For the explicit discrete-in-time problem, stability results were established and error estimates
were obtained. The effectiveness of the method analyzed in [10] was demonstrated in [20] by providing simulations
using both lowest-order and next-to-lowest-order Raviart-Thomas elements on rectangles [21].

The purpose of this paper is to analyze an implicit time-stepping method combined with the mixed finite element
discretization proposed in [10]. We prove the stability of the proposed method by using energy estimation, and show in
particular that it conserves certain energy. We also investigate the convergence of the method and prove optimal a

priori L*(L*) error estimates for both displacement and pressure. The rest of the paper is organized as follows. In

Sections 2 and 3, we introduce notations and describe the weak formulation of the problem. The fully discrete mixed
finite element method is presented in Section 4. Stability results are established in Section 4 and optimal a priori error
estimates are obtained in Section 5. Conclusions are given in the last section.

2. Notation

We shall use the following inner products and norms in this paper. The L?-inner product over Q is defined by
(u,v) = .L,UVdQ’

inducing the L*-norm over Q, ||v ||L2(Q): (v,v)"?. The inner product over the boundary oQ is denoted by

W)= | uwdo

1
for u,veH? (Q) with £>0.We introduce the time-space norm:

1
- Y LTI 2
IV 7= ey = (o IV IEs )
The time-space norm || - ”L°°(L2) is similarly defined. In addition to the L* spaces, we use the standard Sobolev space for

mixed methods:
H(Q,div) ={v:ve (L Q)" V-ve (Q)},
with associated norm
IV @ =l VL2, IV

2(Q) 2@’

where

S
||v||L2(Q)—[;||vi ||Lz(ﬂ)j -

For the time discretization, we adopt the following notation. Let N be a positive integer, At=T /N, and
t" =nAt . For any function v of time, let v" denote v(t"). We shall use this notation for functions defined for all
times as well as those defined only at discrete times. Set

vn+§ - %(le +Vn),
étvn% :Ait(vnﬂ Vn>,
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. X . (Vn+l —o\" +Vn—1)’

V= v 4 (1-20)V" + V"
where 0<6<1. We also define the discrete 1*-norm for time-discrete functions by

Y, =||v = V" .
1l 72y =Y D 2, = 1Vl

3. Weak Formulation
The finite element approximation of the wave problem is based on its weak formulation which is derived in the

usual manner. Integrating by parts and using the data on the boundary of Q, we obtain the weak formulation [10], For
any t>0, find (u(t), p(t)) e VxW such that

(u(0),v) = (U°,v) weV, 9)

U, O,v)=(°v)  WeV, (10)

(27pO),w) = (V-u’, W) VweW, (11)

(pu, (), V) +(p(t), V-v) = (F(t),v)  WveV, t>0, (12)
(A p(t),w)—(V-u(t),w) =0 vyweW, t>0, (13)

where V and W are given by
V ={veH(Q(div) : v-v |FN =0},

1
W=H? (Q) forany ¢ >0.
The present formulation requires less regularity on the displacement than standard approaches. For instance in [7, 8] it

1
is necessary that Vp e H(Q,div) so that V-u e H?(Q). Here, it is only required that V-u e H2, and it can be verified
that the solution u of problem (1)-(5) with p = AV -u is a solution to (12)-(13), see [10].
Differentiate (13) with respect to time to obtain

A'p,wW)—(V-u,w)=0  VYweW. (14)
We next assume f =0 and choose v =u, and w= p in (12) and (14), respectively, so that
(pu,.u)+(p,V-u,) =0, (15)
(/171 P p)—(V'U‘, p) =0. (16)
By adding the two equations, we find that
(putt1ut)+(ﬂ’71 pt’ p) = 0’ (17)
or
2
1 1
2dt ) 2dt )
L5 () (@)
Thus, in the absence of forcing, the (continuous) energy
e N
E pzut +-||4 2 p (18)
2(Q) L2(@)

is conserved for all time. It will be shown that a similar form of energy is conserved by the numerical solution of the
wave problem.

4. Finite Element Approximation

For the finite element approximation, we let {&, },, be a quasi-uniform family of finite element partitions of
Q, where h is the maximum element diameter. Let V, xW, be any of the usual mixed finite element approximating
subspaces of VxW, that is, the Raviart-Thomas-Nedelec spaces [21, 22], Brezzi-Douglas-Marini spaces [23], or
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Brezzi-Douglas-Fortin-Marini spaces [24]. For each of these mixed spaces there is a projection IT, : H(Q,div) >V,
such that for any z € H(Q,div)

(V-I1,z,w) = (V-z,w) VYweW,. (19)
We have the property that, if z € H(Q,div) "H*(Q), then
| M,z-z[,<Ch’'|Iz|l;, 1<j<k, (20)

where k is associated with the degree of polynomial and |||, is the standard Sobolev norm on (H®(€2))" . Here and
in what follows, C is a generic positive constant which is independent of h and At.
For ¢ €W , we denote by P,¢ the L*-projection of ¢ onto W, defined by requiring that

(Rg.w) = (4,w) VYweW,. (21)
If $cW AH*(Q), then we also have

|Rg—g|.<Ch I#ll;, 0<s<k, 0<j<k. (22)

The semidiscrete mixed finite element approximation to (u(t), p(t)) is to seek (U(t), P(t)) € V, xW, satisfying
(UQ),v) =(I1,u°,v) WeV,, (23)
(U,(0),v) =(IT,V°,v) WveV,, (24)
(PQO),w) =(p(0)w) VvweW, (25)
(PU, ). V)+(P®),V-v)=(f(t),v) WveV,, t>0, (26)
(AP(t),w) —(V-U(t),w) =0 YweW, t>0. (27)

Existence and uniqueness of a solution (U(t), P(t)) to the variational problem (23)-(27) is shown in [10].
The fully discrete mixed finite element@-scheme is then defined by finding a sequence of pairs
(U",P") eV, xW,, 0<n< N, such that

(U, v) =(T,u’,v) WeV,, (28)

(P°,w) = (p°,w) ‘v’WeWh, (29)

[an;,VJﬁ-HZAt(a Pi V. v]+ (P°,V-v) = [Azt +OA? af2 J +(ATV,V) WeV,, (30)
(p0,U", V) +(P™,V-v) = (f",v) WeV,, (31)

AP W) - (V.UM w) =0 YweW,. (32)

Equation (30) is derived from the following expansion:
u' = u® + AV + AL {¢9utt +( 9) tt}+O(At ).

The present & - scheme is explicit in time if & =0 and implicit otherwise. The existence and uniqueness of a solution to
the resulting linear system for a nonzero value of € follows from the unisolvancy of the mixed formulation of the
following elliptic problem:

V- (AVg)+

0A1t2 pp=0 in Q,
$=0 on 0Q.
The explicit case has been considered in [10]. As expected from an explicit scheme, the method is conditionally stable.
As a stability constraint, it requires the choice of
At = O(h).
In the next sections, stability and convergence properties of the proposed - scheme are analyzed.

5. Stability Analysis

We derive sharp stability bounds based on the energy technique and show that the proposed scheme conserves
certain energy. We consider (31) and (32) for the homogeneous case

(po,U",\V)+(P™,V-v)=0  WeV,, (33)
AP w) —(V-U™2w) =0  YweWw,. (34)

We will make use of the inverse assumption, which states that there exists a constant C, independent of h, such that
1V-#llz o, <GP 1, (35)
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for all ¢ €W, . The following stability result holds.
Theorem 1 The fully discrete scheme (28)-(32) is stable if

2
Atz(l—ej Cgﬂl <1, (36)
4 h*p,
and conserves the discrete energy
T N [ 1 2 ad 1ot
T R e S R P @

The scheme is unconditionally stable if 6>1/4 .
Proof. If we subtract (34) from itself, with n+1/2 replaced by n—1/2, we find that

(A P™ =P, w)— (V- (U™ -U"),w) =0. (38)
_ n;@
As (33) holds for all v eV, and (38) holds for all weW, , we choose v =0,U" and w= ZAt so that
(po,U",8,U") +(P™,V-4,U") =0, (39)
(A'9,P",P")~(V-5,U",P™) =0. (40)
By adding (39) and (40) we obtain
(po,U",0,U") +(1*6,P",P™) =0. (41)
Note that
P = At’6,P" +P"
1 1
= A (e—ﬂénpn +%(P"*2 + P"’ZJ. (42)
Hence, (41) can be rewritten as
1 1
(p0,U",0,U") + At? (e—ﬂ(/wénpn,ap") +%[/11(Pn+2 n Pnz),é,P”j =0. (43)
Using that
1
éun_au 249U 2 3 Un:étu 2_9U 2
‘ 2 ’ " At ’

we deduce that

N RPN Yt S S S
(panU 'atU ):Z_At(p@tu Z—patU zlatU 2+81U 2)

1 — e = ol — ol ont
=E{(p@U 2,6U ?)=(poU ?,0U 2)},
and similarly
= — 1 R = s =l
(ganp",atp”):z_m{(ﬂatP 20,P 2)-(A70,P %,0P 2)}.
We also have

nel i _ 1 nel n-i nil n-1
AP 24P 2) 3P |= = (P 24+ 2P 2, P 2 P 2)
' At

1 1 n+1 n+1 1 n—1 n—1
=—| (AP 2,P 2)—(A7P 2,P 2)|

At{( )—( )}
Hence, (43) is equivalent to

1 1
where E: 2 is the quantity defined by (37). This relation indicates that E; 2 is conserved for all time, which
1
guarantees the stability of the scheme if and only if E, 2 defines a positive energy. A sufficient condition is that

2
+At2[¢9—£]
4
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for all n>0. Clearly, the scheme is unconditionally stable when @ >1/4 . Now, using the Cauchy-Schwarz inequality
and the inverse assumption (35), we obtain

1 1
(Map 2,w}=(v-au 2,w]

1
—  n+>
<|v-auTe| i,
(@)
C n
<—*lou 2 Iwlil ., -
h ) (@)
2@
) — nst
By setting w=0,P 2, we see that
2
L n+l C.ll= n+2 — N+
AP <25U o,P
2(0) (@) 2@
1
C A2 nal o
< ﬂl zau 2 A 2P 2
hpoE @ ()
or
1
1 1 1 1
———  n+= Cﬂlz — n+=
0
‘z Bp <2 pPEU
@  hp? @

Hence, a sufficient condition for stability is given by
Y 1 Czﬂl S
P20,V 2| +At%| 0= | 5211 p20,U 2|20,
t 2 t
4)h%p,

which completes the proof. a

The case with @ =1/4 is interesting because the form of the discrete energy in this case is similar to that of the
continuous problem. In addition, one can verify that the time truncation error is minimized over the set of all 6>1/4
when 9=1/4.

6. Convergence Analysis

In this section, we prove optimal convergence of the fully discrete finite element solution in the L*(L*) norm.

Some of the techniques used in the proofs can be found in previous works [25, 26]. In order to estimate the errors in the
finite element approximation, we define the auxiliary functions

F=U-IU, g =u -, =P R, C=p =R,
where I1, and P, are defined in Section 4. From (12-13) and (31-32), and the properties of the projections I1, and P,
, We arrive at
(PO 2" W)+ (E™,V-v) = (007" V) +(r", V) WeV,, n>l, (44)
(A7EE W) — (V- "2 w) = (A2 w) vweW,, n>0, (45)
where r" = p(ul —,u") . Another equation has to be derived for the initial errors #' and &'. Consider (12) at
n=0 and n=1, respectively, and subtract the resulting equations so that

(patun,vJ+[at pi,ij:(é,f;,vJ. (46)

A use of Taylor's formula with integral remainder yields
1
ou? =\° +§u +— _[ (At - t)
2 2At 70

: O 2 (. (47)

Using (46) and (47), we readily obtain

1 1 1 1
(pauz , VJ+ OAL? [EI p2,V. vj = OAt? (afz , v] — At (pétug , v]
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At 1 s o’u
+(pV°, V) +—(pul,v) +—| (At—t)’| p—,V [dt. 48
(PV* )+ (pug V) +o [ )[paﬁ j (48)
Subtracting (48) from (30) and taking into account (29) and (12) we arrive at

(paz;,VJ+9At{5tcf§,V-VJ +§(§°.V'V)=£p5m3,v]+(p<nhv°—v°),V)

. 1 a o’u
+9At2[p6tu§,vj—2—mjo (At—t)z[pﬁ,vjdt.

Note that £° =0 and #° = 0. We now state and prove our convergence result.
3 4

Theorem 2 If ueLl”(H(Q;div)), Fa e N(LX(Q), e el”(L2(Q), and pel”(L*(Q), then for {U",P"}

(49)

defined by (28)-(32) there exists a constant C independent of h and At such that if

2
Atz(l jﬂlcz 1, (50)
4 ph 2
then the following a priori error estimate holds:
1 1
p2u-U)  + ‘
1 (12) (%) (51)
f L Ap2 ‘u
SC(h +At ){“u”Loo(Hr) + ? L ” p“LOO(LZ J
L (L%)
where r is associated with the degree of the finite element polynomial.
Proof. We first rearrange (44) in the form
3 n 1) = n 1 mi n_l S ..n n
(PO ,v)+At2(¢9—Zj(6n§ ,V.v)+§(§ 24 & Z,V.vj:(pann V) +(r",v). (52)
Summing over time levels and multiplying through by At yields
1 _ 1 _ ot 1
(PO x 2 - po, zz,v)+Atz[0—%j[at§ 2 —6t§2,v.vj
i+ 1 — n+1 _ 1 no. (53)
+—Z{ 2+§ 2V V] (pﬁtn Z—patnz,vJ+(AtZr',vj.
i=1
Upon defining
n-1 i+1
¢O :0, ¢ﬂ :At25 2'
i=0
we verify that
n+1 At At i+1 i—1
2 = 2 2 4 2 |,
¢ 5 > Zl‘, ¢ *+g
_ 1 1
Taking into account (49) and that 0,&? = —52 , (53) becomes
—_ n+1 n+1 — n+é
(POx 2,V)+At? (9—-)(545 V-vj+(¢ 2,V~VJ:[p8t77 2,vj+(R",v), (54)

where

1 3
5 = > 1 (a o’u
n— i 0 _ 0 2 2 __— )2 pl—
R" = At glr + p(IT, V" — V") + OAt" po,u? > tJ'O (At—t)° p—-dt.

(ﬂlétgﬁ”; , wj - (v : Z”% , w} = [,115”2 , wj. (55)

1 1
Choosing v = ;(n 2 and w= ¢n 2 in (54) and (55), respectively, and adding the resulting equations, we arrive at

1 1
Since ¢ 2 =& 2, (45) reads
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1

1 1 1 1 1
it ose(o-3fagho e

B et nel o pel
=(p5177 2 x 2j+(R”,z 2j+(/11§ 2,¢ 2]-

1
Again, we choose w = 5t§ 2 in (45) so that

ol ot ned _ nel nd — nel
[@ff 5 Vex Zj{llff 2,08 2]—(114“ 2,08 ZJ-

Substitution into (56) yields
T . 1 — ol ot SR
(Pox 2. x )+ Atz(ﬁ—z)(ﬂlé’é 2.8 2]+[11@t¢ 2 ZJ
1 n+1 — n+1 — n+1 n+1
:Atz(a—zj[lf 2,0, 2J+(p6177 2y Zj (57)

el el onel
+[R”,;{ 2 +[/11§ 2 4 ZJ.

The terms on the right-hand side of (57) are bounded using Cauchy-Schwarz inequality as

AVE S
[114 2.5¢" 2 |<

(56)

Lol EETY
A2l 2 A25& 2

2(Q)

2(Q)

1 1
n+= — N+

1
[pé‘tn 2x 2 |<|pon ?
n+1
(R”,;{ 2 sHR“

el onel
(/1'14’ 2 ¢ 2|<

X

2(Q)

1
n+=
2

X

2(Q)

12(Q)

1 1 11
A_Eé/m? /1_E¢n+5

2(Q) 2(Q)

We now distinguish the cases where 6> % and 6 < % . In the first case, we sum on (57) over time levels and multiply

through by 2At . This results in

2 2 2 2

1 1 1 1
pzanrl _ pzlo + /1 2¢n+l _ ‘ﬂ, 2¢0
2(@) 2(@) 2(0) 12(0)
TRV S
+At? [6’——) ‘/1 2z - ‘/1 2£0
4 2(Q) ()
Dl Lot 1 1
szmz(e——) A2 A g +||4 28 (58)
41 12(@) @ 2@
1 i+l — i+ :
+2Atz x ? pon 2 +HR'”L2
i=0 2 2 @
() 2(Q)
n L i+l L i+1
+2AtY 112 242 A2 2
i=0 2(0) 2(q)
N 1 1.t 1
Since ||4 2£&' <A %€ and ||p2y ? <\lp?x , then
() 1 (12) 2(Q) 1°(12)
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+ At? [9 - 1)
4
LZ(QJ

+ZH ‘LZ(Q)J

i=0

2 2 2

1 1
pilnﬂ 17§¢n+1

1
‘lzglwrl

12(Q) 2(Q) @)

¢(o-¢)
4
2At|| 1

t—r(P*x
Pé

1 .1
-= i+

/1255

n

2

i=0

1

1°(L2)

1 — i+1
D lledn 2
1°(L2)

i=0

(59)

2(Q)

2(Q) }

Applying the algebraic inequality: ab < %az +2ib2 to the right-hand side of (59) shows that
&

+ At? ( j
2(Q) 4
1 N-1f| 1
+8(9——J AtY 1A
4 i=0

1
+2At|4 24

i=0

e
1 (L2)

2 2 2

1

1
pzlnﬂ + 2{ 2¢n+1

‘ 2§n+l

2@

£1At2(0—1j
2 4

2

2@
ZQ’HZ

2
1
2(@) J

2
1 N-L
+2 R
Z;‘ 2@
2 =

po 2
2
1
A zg 2 .
(@)

If we take the supremum over n on the left-hand side and use the fact that NAt =T , we conclude that
2 2 2

RN

1”(L2)

(60)

1

+l 2
1P *

N-1

i=0

+CAIZ(

1 (L2)

2 N-1
+4[Atz
)

Ico(LZ i=0

1 X
+—=|4 2
> ¢

1
pPx %4 <

1
C‘/I 2r

1°(12) 1°(12) 1 (L2)

N-1 2
+CAt? I j .
i=0 L@

For the case 6 < % we can follow the analysis presented in [15,16] to derive error estimates similar to (61) under

(61)

1
— i+
2

)

2 N-1
J +CAt? (ZHR'
i=0

condition (50).
To complete the proof, we need to bound each term on the right-hand side of (61). The first term can be bounded
using the approximation properties. Similarly, we have
N-1 3
ALY <clnqul. . +ar|2Y .
, (K (@)
=0 12(2) tomi? @)
<CAY I I, C AT V)]
i=1

o1
& P

For the last term on the right-hand side of (61), we have

MY IR, <CIRI,

2
L)
i=0 (

L)
Cont?|| po : o= [pat-1y? U 4yl
+ u - —
B (S 2At 70 P ot® 2
L2 (Q) L°(Q)
To estimate || r' ||L2(m , we make use of the identity
AU = U+ —— e j (At=[s | —(t” +s)ds. (62)
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n+l1

From the Taylor's expansions of u,~ and Uy ' about U

tt’

4
Uyt = ug + Aty + [ (At s |)a— (t" +3)ds,
and
0 4
ut = g -+ (At s |)gt—?(t” +s)ds,
we obtain
no _ At 64
ur’ = +9j_m(At—|s|)—(t +5)ds. (63)

Subtracting (62) from (63) yields

ne A At 64U n
u’ —g,u" = s|-A t) ( +s)ds—0J:At(|s|—At)¥(t +5)ds.
Hence,
2
; 1o, Zo'u
e 1, o, =l o (ug” = 3u” Il . < pio+s)| ds<Catpr=Tl
2(Q) L% (12)
and therefore
1 ~4 1 ~4
S - 0'u > ~0°u
i 2 21|12
AtZHr ||L2(Q)s CAt Zy ZAtsCTAt PP —
i=1 Loo(LZ) i=1 LOC(LZ)
Similarly, we have
1 2 2 1 2 1 2
pouz|  =|atf” p—(t)dt U gccart|p 2Y
2() 2(@) 2() L2 (12)
and
1 &u o 2 eul Loyl
“o(at— t)2 (t)dt <Cat’["|p?—3|| dt<Cat’|p?—
2At 0
2@ 2(Q) L (L2)
Finally, using the approximation property (20) and combining all the bounds, we arrive at
N-1
i k 2
At;nR 2, < CM* +AL%),
which completes the proof of the desired estimate. m|

Remarks. It is worthwhile to mention that the time discretization method is fourth-order accurate when ¢ =1/12.To
preserve the temporal accuracy of the finite element scheme one has to modify (30) carefully to obtain an appropriate

initial value U". The analysis presented in [25] can be used to derive optimal a priori error estimates in this case.

7. Conclusions

We proposed and analyzed a family of fully discrete mixed finite element schemes for solving the acoustic wave
equation. We derived stability conditions for conditionally implicit stable schemes covering the explicit case treated by
Jenkins, Riviére and Wheeler [10]. The error estimates established provided optimal convergence rates for the use of
mixed finite elements methods in solving the acoustic wave equation.
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