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ABSTRACT: We prove the existence of a unique common coupled fixed point theorem for four mappings
satisfying a general contractive condition on partial b-metric-like spaces. We also give an example to illustrate our
main theorem. Our theorem generalizes and improves the theorem of [1].
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1. Introduction and Preliminaries

he concept of b-metric space was introduced by Czerwik [2] as follows:

Definition 1.1 [2]: A b-metric on a non-empty set X is a function d : X x X — [0, o) such that for all x, y, z ¢ X
and a constant k > 1 the following three conditions hold true:
(M d(x,y)=0ifandonly ifx =y,
(i) d(x, y) = d(y, x),
(iii) d(x, y) <k [d(x, ) + d(z, y)] .
The triad (X, d, k) is called a b-metric space.

Alghamdi et al. [3] introduced the concept of b-metric -like spaces and proved some fixed point theorems for a
single map.

Definition 1.2 [3]: A b-metric-like on a non-empty set X is a function d : X x X — [0, o) such that for all X, y, z ¢ X
and a constant k > 1 the following three conditions hold true:
(i) d(x, y) =0 implies x = y,
(if) d(x, y) = d(y, x),
(i) d(x, y) < k[d(x, z) + d(z, y)] .
The triad (X, d, K) is called a b-metric-like space.
Mathews [4] introduced the concept of a partial metric space as follows:
Definition 1.3 [4]: A mapping p : X x X — [0, ), where X is a non-empty set, is said to be a partial metric on X if for
any X, y, z € X the following are satisfied:

(i) x=y ifandonlyif p(x, x) = p(x, y) =p(y, y),
(i) px,x)<p(x,y),
(i) p(x,y) =p(y. ),
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(IV) p(X, Y) < p(X, Z) + p(Z> y) - p(29 Z)-

The pair (X, p) is called a partial metric space.
Now we give the following definition by combining the Definitions 1.2 and 1.3.

Definition 1.4: A partial b-metric-like on a non-empty set X is a function p : X x X — [0, o) such that forall x, y, z €
X and a constant k > 1 the following are satisfied:

(1) p(x, y) =0 implies x =y,

(P2) p(x, ) < p(x, ), p(y, ) < p(x, ),

() P(x, ) = p(Y, X),

(p2) p(x, y) <k[p(x, 2) + p(z, y) — p(z, 2)].

The triad (X, p, K) is called a partial b-metric-like space.

Definition 1.5: Let (X, p, k) be a partial b-metric-like space and let {x,} be a sequence in X and x ¢ X. The sequence
{x,} is said to be convergent to x if

im peeo, %) = pix, ).

Definition 1.6: Let (X, p, k) be a partial b-metric-like space.
(i) A sequence {x,} in (X, p, k) is said to be a Cauchy sequence if nlri]n_’)l P(Xn, Xm)

exists and is finite .
(ii) A partial b-metric-like space (X, p, K) is said to be complete if every Cauchy sequence {x,} in X converges to a
point x € X so that
lim P(Xn, Xm) = P(X, X) = lim P(Xn, X).
n,m—ow n—o
One can prove easily the following remark.

Remark 1.7: Let (X, p, K) be a partial b-metric-like space and {x,} be a sequence in X such that lim p(X,, X) = 0. Then
N—o0

(i) xisunique,

1 .
(i) +-p0c ) = M o, y) <k pix, ) forall y e X,

—®
("I) p(xn: XO) S kp(XOI Xl) + kzp(xll XZ) +.t knilp(xn*Z! Xn*l)
+ K" p(Xo1, Xn) Whenever {Xk }n e X.
k=0
Let (X, p, K) be a partial b-metric-like space and F, G : X x X and f, g : X — X. For x, y, u, v ¢ X, we denote
p(fx, gu), p(fy, gv), p(fx, F (x, ), p(fy, F (v, X)),
p(gu, G(u, v)), p(gv, G(v, u)),

Xy . 1
M., =min E[P(fxl G(u, v)) +p(gu, F (x, V)],

2—1k[p(fy, G, 1)) + p(av, F (v, )]

and
p(fx, F (x, ¥)), p(fy, F (v, X)),
p(gu, G(u, v)), p(gv, G(v, u)),

1 1
m,, = max Ep(fx, G(u, v)), M p@au, F (X, y)), (-

%p(fy, G, ), % p(V. F (v, X))

Recently Bhaskar and Lakshmikantham [5] introduced the concept of coupled fixed point and discussed some problems
of the uniqueness of a coupled fixed point and applied their results to the problems of the existence and uniqueness of a
solution for the periodic boundary value problems. Later Lakshmikantham and Ciric [6] proved some coupled
coincidence and coupled common fixed point results in partially ordered metric spaces.
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Definition 1.8 [6] An element (x, y) ¢ X x X is called

(1) a coupled coincident point of mappings F : XxX — X and g: X — X if gx =F (x, y) and gy = F (y, x).
(i1) a common coupled fixed point of mappings F: X x X —» Xand g: X — X
ifx=gx=F(x,y)andy =gy =F (y, X) .

Definition 1.9 [7] The mappings F : X x X — X and g : X — X are called w-compatible if g(F (x, y)) = F (gx, gy) and
g(F (y, X)) = F (gy, gx), whenever
gx=F (x,y)and gy = F (y, X).

Recently, Abbas et al. [8] proved a common fixed point theorem for two maps of Jungck type satisfying generalized
condition (B) in metric spaces (See Theorem 2.2, [8]). As a generalization of Theorem 2.2 of [8], Kaewcharoen et al.
[1] obtained a common fixed point theorem for four maps satisfying a generalized condition in partial metric spaces.

In this paper, we obtain the existence of a unique common coupled fixed point theorem for four mappings satisfying a
general contractive condition on partial b-metric-like spaces. We also give an example to illustrate our main theorem.
Our theorem generalizes and improves the theorems of [1] and [8].

2. Main Result

Theorem 2.1: Let (X, p, K) be a complete partial b-metric-like space, F, G : X x X — X and f, g : X — X be mappings
satisfying
2L F (X xX) < g(X), G(X x X) < f(X),

(2.1.2) kp(F(x.y).Guv)< 8 M " +L m."

u,v

L
for allx, y, u, ve X, where >0 and L >0, k | < 1, where | = max {ﬁ’é‘_'_ L},
(2.1.3) f(X) or g(X) is closed,
(2.1.4) the pairs (F, ), and (G, g) are w-compatible.
Then F, G, fand g have a unique common coupled fixed point.

Proof. Let (Xq, o) € X x X. Since F (X x X) < g(X), there exist X1, y; & X such that gx; = F (Xo, Yo) and gy: = F (Yo,
Xo). Since G (X x X) < f(X), there exist X5, ¥» & X such that fx, = G(Xy, y1) and fy, = G(y1, X1). Continuing this
process, we construct sequences {X,} and {y,} in X such that

OX2n+1 = F (Xan, Yan) = Zon,
gy2n+_1 =F (yZm XZn) = Woap,
Xons2 ~ G(Xan+1, Yant1) = Zons1,
fyoni2 = F (Yons1, Xone1) = Wone1, 1 =0,1, 2,3, -+
Now consider

IN

P(Zons Zans1) K p(F (Xan: Yon), G(Xan+1, Yans1))

SSM T wp ey

Xone1s Yonsl Xons1+Y2ni1

where
p(ZZn-l’ ZZn)’ p(WZn-1' Wzn)l p(ZZn_11 ZZH)l

p(WZn-l’ WZn)’ p(zzrv ’22n+1)’ p(W2n ’W2n+1)’

Xon+Y2n _ 1
M Xan41:Y2ni1 - max E[p(zzm' 22n+1) + p(22n d Zzn )]'

1
E[p(wm»l‘ W2n+1) + p(W2n s Wo, )]

IN

{p(zzrwl’ ZZn)’ p(WZH—lY WZn)’
max

} from k > 1 and from (p,)
p(ZZH ’ZZn+l)’ p(WZn ‘W2n+1)
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p(ZZn-l‘ ZZn )‘ p(WZr\-l‘ WZn )‘
p(ZZn ’22n+1)’ p(W2n W2n+1)
Xon1Y2n _ R 1
X1 Yanit = mn E P(Zn1r Zona) s k p( a0 Zon )
1 1
Ep(WZn.ll W2n+1) E p(W W )
p(ZZn-l‘ ZZn )’ p(WZH-l’ W2n )’p(ZZn ’Zzn+1)l
S min p(W2n ’W2n+1)‘ p(zzr\—l’ ZZn) + p(22n 1 22n+1) 1
p(ZZH 1 ZZn )'p(WZn-l’ WZn) + p(WZn 4 W2n+1)’ p(WZn 1 W2n

min {p(zzn, Zan), P(Wan, Wan)},  from (py)

< max {p(zzn, Z5n), P(Wan, Wan)}
< max {p(Zan Zan1), P(Wan, Wan1)}, from (p).
Thus
p(ZZn 1! ZZn) p(Wan 2n )
P(Zzn, Zone1) < & max + L max{p(zzn, Zzn-1), P(Wan, Wan.1)}.
p(ZZn 2n+1) p(WZn W2n+1)
Similarly
p(ZZn-l‘ ZZn)’ p(WZn-l‘ WZn)’
P(W2n,Wans1) < 6 max + L max{p(zzn, Z2n-1), P(Wan, Wan.1)}-
p(ZZn ‘22n+1)’ p(WZn ’W2n+1)
Thus
max {p(ZZn ! 22n+1)’} S 6 max {p(ZZH -1 ZZn) p(W2n 1 WZn) } + L max {p(zzrv ' =n 1) } (2)
p(W2n ‘W2n+1) p(22n 2n+1) p(WZn W2n+1) p(W2n W2n 1)

If max {p(zzn-l‘ ZZn )’ p(WZn-l‘ WZn)’} S max {p(ZZn 4 ZZH+1)1}

p(ZZn ‘22n+1)‘ p(WZn ’W2n+1) p(W2n 1W

then from (2)

2n+l)

L
max {p(Zzn, Zans1), P(Wan, Wans1)} < s max { P(Zon-1: Z2n), P(Wan-1, Wan)}.

i max {p(zzn.1, z,), pW,, ,, WZn),} < max {p(zzn_l,zZn),}

p(ZZn ’22n+1)’ p(WZn ’W2n+1) p(WZn—l’WZn)

then from (2)

max{ p(Zzn, Zan+1), P(Wan, Wans1)} < (8 + L) max{ p(Zon-1, Z2n), P(Wan-1, Wan)}-
Hence

max {P(Zzn, Zon+1), P(Wan, Wonsa) + < I max {p(Zan-1, Zan), P(Wan-1, Wan)}

L
where | = max {—,6+ L}< 1.
1-6

Similarly we can show that
mMax{P(Zzn-1, Zzn), P(Wan-1, Wan) } <1 max { p(Zzn-2, Zan-1), P(Wan-2, Wan-1)}-

Hence
Max {p(Zn, Zn+1), P(Wn, Wii1)} < I max { p(za-1, Zo), P(Wor, Wo)} ,n=1,2,3, -
Thus
max{ p(zn, Zn+1), P(Wn, Wis1) } < 1" max{ p(zo, z1), p(Wo, W1)}. (3)
From (3), it follows that
r!im p(zn, Zn+1) = 0 = r!lm p(Wn: Wn+1)- (4)

For m > n, consider
max {p(Zn, Zm), P(Wn, Win)}
< max kp(z" Z”*1)+k2 p(Z"+l ﬂ+2)+ +km-n-1 p( m2? m1)+kmnl ( m-l’zm)v
kp(w,.w,,)+k* p(w )4+ K™ pw,,w, ) +K™ pw, W)

n+1 n+l? n+2

< kmax {p(zn, Zyis), P(Wn, Wer)} + k> max {p(Zns1, Znez), P(Wne1, Was2) }
ot K™ max {p(Zm-2, Zm-1), PWin-2, Wen-1)} +
K™ max {p(Zm-1, Zm), P(Won-1, W)}
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< (kln +k2|n+l+““+kmfnfl| m-2 +kmfnfllm—1)max {p(zo'z1)v}

p(w,.W,)

= KIM(L+ I K22 4 K22 2 ey {p(zl) ' Zl)’}g

p(w,.W,)

KI (L K1+ K217 o K202 e ) {p(z° ' Zl)'}

p(w,.W,)

< L max P2 2,) ,since kl < 1.
1kl p(w,,w,)

Hence
lim p(zy, zw)=0=" M~ p(wy, wr). )
Thus {z,} and {w,} are Cauchy in (X, p, k).

Since X is complete, the sequences {z,} and {w,} converge to some a and P in X respectively such that

nlnirl\w P(Zn, Zm) = p(o, o) and nlrmw P(Wn, Wm) = p(B, B).

Also lim p(zy, a) = p(a, @) and M p(w, B) = p(B, B).
Now from (5), we have
p(a, @) =0=p(B, B). (6)
Suppose f(X) is closed.
Since Xonez = Zoner — o and fyopap = Woneg — B, it follows that o = fu
and = fv for some u, v ¢ X.
Consider

p(a, F (u, v)) kp(a, Zan+1) + KP(F (U, V), G(Xan+1, Yzn+1))

<
S kp(a’ Z2n+1) + 6 M L::n/+1xy2n+1 L mi;‘r’wlvyzml

p(fu, z,,), pfv, w,,), p(fu, F(u, v)),
p(fV, F(Vl U)), p(ZZn ’Zzn+1)’ p(W2n ‘W2n+1)l

uyv

M = max 2—1k[p(fu, Zy) ¥ P(Z,,, F(U, V)],

Xa2n+11Y2n+1

2—1k[p(fv, W)+ P, F(v, U)]

0,0, p(a, F(u, v)),
p(B, F(v,u)), 0,0,

—  max 2_1k[0+ (e, Fu, v)], ¢+ from (4) and Remark 1.7 (i)

i[o + (B, F(v, U)]

=max { p(a, F (u, v)), p(B, F (v, u))}.
Also mi:’byz i 0.

Thus
p(a, F (u, v)) <8 max {p(a, F (u, v)), p(B, F (v, W)} .

p(B, F (u, v)) = & max {p(a, F (u, v)), p(B, F (v, w))} .

Similarly we can show that

Hence

max {p(a, F (u, v)), p(B, F (v, w))} <8 max {p(a, F (u, v)), p(B, F (v, w))},
which in turn yields that o =F (u, v) and B = F (v, u).
Thus fu=a=F (u, v) and fv =B =F (v, u).
Since the pair (F, f) is w- compatible, we have

fa=F (0, B) and fp =F (B, o). ©)

Since a =F (u, v) e F (X x X) < g(X), there exists r € X such that o = gr.
Since =F (v,u) ¢ F (X x X) C g(X), there exists t € X such that § = gt.
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Now p(a, G(r, 1) < s p(F (u, v), G(r, 1) <8 M, +L m,

p(fu, ), p(fv, gv), p(fu, F(u, v)),
p(fv, F(v, u)), p(gr, G(r, 1)), p(at, G(t.N)),

My = max 2—1k[p(fu, G(r, 1) + p(ar, F(u, V)1,

2—1k[p(fv, G(t, ) + p(at, F(v, u)]

0,0,0,0
p(a, G(r, 1), p(B, G(LN),

= max 2_1k[p(a,G(r, 1) +p(B, F(u, V)],

2—1k[p<ﬂ, G(t, 1) + p(B. F(v, )]
= max{ p(a, G(r, 1)), p(p. G (t, 1)}

uyv _
o 0.

Thus
p(a, G(r, t)) < 6 max {p(a, G(r, 1)), p(B, G(t, 1)} .

p(B, G(t, ) < 6 max {p(a, G(r, 1)), p(B, G(t, 1))} .

max {p(a, G(r, 1)), p(B, G(t, 1))} =6 max {p(a, G(r, 1)), p(B, G(t, 1)}

Similarly we can show that

Hence

which in turn yields that gr = a. = G(r, t) and gt = = G(t, r).

Since the pair (G, g) is w-compatible, we have

ga = G(a, B) and gf = G(B, a).
Now consider

a,p
rt

p(f(’., (l) < k p(F ((X, B)) G(I', t)) = 3 M :(,‘tﬂ +L m

p(fa, gr), p(fB, gb), p(far, F(a, p)),
p(B, F(B, @), p(ar, G(r, 1)), p(gt, G(L.N)),
ap

M/ = max i[p(fa,e(r,t»w(gr, Fla. ).

1
E[D(fﬁy G(t, 1) +p(gt, F(B, a))]

p(fa, ), p(fp, £). 0,0,0,0,

— max 2—1k[p(fa,a)+p(a,fa)],

1
E[P(fﬂ, B) +p(B, 1)

=max { p(fa, a), p(iB, B)}.
Also m?'tﬂ =0.

Thus  p(fo,a) < 6 max {p(fo, a), p(fB, B)}.
Similarly we can show that
p(B, ) < 6 max {p(fa, a), p(fP, P)} .

max {p(fo, a), p(fB, B)} = & max {p(fo, o), p(fP, )}

Hence

which in turn yields that fo. = o and B = p.
Similarly we can show that ga = o and g = .

Thus
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F (0, B) = fa = o = ga = G(a, B) and
FB,0)=PB=p=gp=Gp, ).
Hence (a, B) is a common coupled fixed point of F, G, fand g. Uniqueness of this common coupled fixed point follows
easily from (2.1.2).
Now, we give an example to illustrate our main Theorem 2.1.
Example 2.2 Let X = [0, 1] and p(x, y) = max{x% y’}. Then (X, p, k) is a complete partial b-metric-like space with

k=2. DefineF,G:Xx X — Xandf, g: X— XasF(x,y)=0, G(X, y) = %,fngandgx:x.Then

_ vl v
k p(F(x, y), G(u, v)) = 2 max {O’E} 5

_ A
p(gu, G(u, v)) = max {u '16} ue.
Thus p(F (%, y), G(u, V)) = % @2 o= g o(gu, G(u, v))

1 X,y X,y
< g M u,v+0 mu,v'

Here & = é ,L=0kl= % < 1. Clearly (2.1.1), (2.1.3) and (2.1.4) are satisfied and (0, 0) is the unique common

coupled fixed point of F, G, f and g.

Theorem 2.1 is a generalization and improvement of the following:
Theorem 2.3 (Theorem 2.1, [1]): Let (X, p) be a complete partial metric space. Suppose that f, g, F, G : X — X
satisfying the following conditions

(23.1) f(X) < g(X) and F (X) < G(X),

(2.3.2) there exist 6 > 0 and L > 0 with 6 + 2L < 1 such that

p(Fx, fy) <8 M(x, y) + L min{p(gx, Fx), p(Gy, fy), p(gx, fy), Gy, Fx)}

for all x, y € X, where

M(x, y) = max{p(gx, Gy), p(gx, FX), p(Gy, fy), %2 [p(gx, fy) + p(Gy, FX)]},
(2.3.3)f(X) or g(X) is closed and

(2.3.4) the pairs (f, G) and (g, F ) are w-compatible.

Then f, g, F and G have a unique common fixed point in X.
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