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ABSTRACT: In this paper, we present some fixed point theorems for asymptotically regular sequences and
asymptotically regular maps in complete b- metric spaces. Our results extend and generalize the well-known fixed
point theorems of Hardy- Roger [1] and Reich [2].
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1. Introduction

Metric fixed point theory was born with the well-known Banach contraction principle that was initially
published in 1922. This principle states that on a complete metric space(X, d) , a self mapping T for which
d(Tx,Ty) < kd(x,y), for all x,y €X,0<k <1, has a unique fixed point. Several generalizations and
extensions of this celebrated result have been appeared in the last few decades. The fixed point theorem in metric
spaces plays a significant role to construct methods to solve the problems in mathematics and sciences. Metric
fixed point theory is a vast field of study and is capable of solving many equations. To overcome the problem of
measurable functions with respect to a measure and their convergence, [3] needed an extension of metric space.
Using this idea, he introduced the concept of b-metric space and presented the contraction mapping in b-metric
spaces that is generalization of the Banach contraction principle in metric spaces [4-7]. After that, several papers
have dealt with fixed point theory or the variational principle for single-valued and multi-valued operators in b-
metric spaces [8-14]. In this paper our aim is to show the validity of some fixed point theorems for asymptotically
regular sequences. We also present results on fixed points of asymptotically regular mappings.

2. Preliminaries: Consistent with [3] and [4,15], we recall some definitions and properties for b-metric space.

Definition 2.1. Let M be a nonempty set and the mapping p: M x M - R* (R™* stands for nonnegative reals)
satisfies:

(i) plx,y)=0ifandonlyif x =y for all x,y € M;

(i) p(x,y) =p(y,x) forall x,y € M;

(i) there exists a real number s = 1 such that p(x,y) < s[p(x,2) + p(z,y)] forall x,y,z € M.

Then p is called a b-metric on M and the pair (M, p) is called a b- metric space with coefficient s.

Remark 2.1. The class of b-metric spaces is larger than the class of metric spaces since any metric space is a b-
metric space s = 1. Therefore, it is obvious that b-metric spaces generalizes metric spaces. We present an
example which shows that introducing a b-metric space instead of a metric space is meaningful since there exists
b-metric space instead of a metric space which are not metric spaces.
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Example 2.1. Let M = [0,) and p: M x M — R* defined by p(x,y) = |x — y|P, where p is a real number such that
p>1. Letx,y,z€ M.Bytakingu = x —zand v = z — y we have
lx —yI? = lu+v|? < (Jul + [v])P

< (Zmax{lul, [v|H?P

< 22(lx — 2P + |z - yIP),
which implies that p(x,y) < 2P[p(x, z) + p(z,y)]. Therefore (M, p) is a b-metric space with coefficient 27. On the
other hand, for x > z > y, we have
[x—yP=lu+vP=W+v)P>uP + P =(x—-2)P+(z—-y)P = |x—z|? + |z — y|?,
which implies that p(x, y) > p(x, z) + p(z,y). Therefore (M, p) is not a metric space.

Definition 2.2. Let (M, p) be a b-metric space. Then {x,,} in M is called

1. a Cauchy sequence if and only if for all € > 0 there exists n(e) € N such that for each n.m > n(e), we have
p(xn'xm) <e.

2. aconvergent sequence if and only if there exists x € M such that for all e > 0 there exists n(e) € N such that for
every n > n(e), we have p(x,, x) < €.

Definition 2.3 If (M, p) is a b-metric space then a subset L ¢ M is called
(i) compact if and only if for every sequence of elements of L there exists a subsequence that converges to an
element of L.
(ii) closed if and only if for each sequence {x,} in L which converges to an element x, we have x € L.
(iii) The b-metric space is complete if every Cauchy sequence in M converges in M.

Definition 2.4 [13] Let (M, p) be a b-metric space. A sequence {x,} in M is said to be asymptotically T-regular if
lim p(x,, Tx,) = 0.
n—-oo

Example 2.2. Let M = [0,0) and p: X X X - Rt defined by p(x,y) = |x — y|?,p = 1 then clearly (M, p) is a b-
metric space with coefficient 2. Now let T be a self map of M such that Tx = g and choose a sequence {x,}, x, # 0
for any positive integer n, which converges to zero in metric in M . We deduce that

lim p(x,, Tx,) = lim|x, — Tx,|P
n—oo n-—-oo
Xn

2

= lim

x-,l|1'J
2 n—-ow

P
=0.

= lim |xn

n-—-oo
Hence {x,,} is an asymptotically T-regular sequence in(M, p).

Definition 2.5 [17] Let (M, p) be a b-metric space. A mappings T of M into itself is said to be asymptotically regular
atapoint x in M if

lim p(T™x, T™*1x) = 0.

n—-oo

Example 2.3. Let (M, p) be a b-metric space as defined in Example 2.2 and let T: M — M be such that Tx = 1—“ where

x € M. Then we have
lim p(T™x, T"*1x) = lim|T"x — T"*1x|?
n—-owo n-oo

= lim |= x|
- n—oo 14T 4n+1

. 3x |P
= lim || = 0.

Hence T is an asymptotically regular map at all points in M.
3. Main Results

Theorems 3.1. Let (M, p) be a complete b-metric space with the coefficient s > 1 and T be a self mapping of M
satisfying the following inequality

p(Tx,Ty) < a;p(x, Tx) + a,p(y, Ty) + asp(x, Ty) + a,p(y, Tx) + asp(x,y),

for all x,y € M, where a; (i = 1,2,3,4,5) are non-negative real numbers with max{(a;s + a,s?), (azs® + a,s? +
as)} < 1fors = 1. If there exists an asymptotically T-regular sequence in M, then T has a unique fixed point.

Proof. Let {x,} be an asymptotically T-regular sequence in M. Then for n,m € N with m = n, we have
pCtn, Xm) < s[p Oy, Txn) + p(Txn, X))
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< slp(oxn, Txn) + sp(Txy, Txy) + sp(Txp, X))

< s p(xn, Txy) + 52p(Txy, Txp) + s2p (T, Xm)

<s p(xnl Txn) + Szp(Txmv xm) + 52 [alp(xn, Txn) + a2p(xm, Txm)
ta; p(xn' Txm)+a4p(xm: Txn) + asp(xnﬂxm)]

< (s +ays? +a,s®)p(xy, Txy) + (52 + aps? + azs®)p(xm, Txm)
+(azs® + aus® + ag)p(xp, Xm).

Thus, we get
pCtn, ) <

(stais?+ass®) (s%+azs?+azs?)

1—(azs3+ays3+asg)

} PG, Txa) +{ } G, Txm).

1-(azs3+ays3+asg)

Taking the limit as n — oo, we get
lim p(x,,xy,) =0,
n—-oo

which shows that {x,} is a Cauchy sequence. Since M is a complete b-metric space, the sequence {x,,} converges
inM. So let lim x,, = z for some z € M.

n—oo

Now we show that z is a fixed point of T.
Consider,
p(Tz,z) < s[p(Tz,Txy,) + p(Txy, 2)]
< sp(Tz,Tx,) + s?p(Tx,, x,) + s%p(x,, 2).
< slayp(z,Tz) + azp(xn, TX,) + asp(z, Txy) + aup(x,, T2) + asp(z, x,)]
+52p(Txy, ) + 52 p(xy, 2)
< a;5p(z,Tz) + a,sp(x,, Tx,) + ass?p(z,x,,)
+azs?p(x,, Tx,) + s2asp(x,, z) + s?a,p(z,Tz)
+assp(z,x,) + s2p(Txp, x,) + s2p(x,,, 2).
Therefore,
(1 —a;s —s%a,)p(Tz,z) < (52 + azs + azs?)p(x,, Tx,)
+(s% + ags? + a,s? + ass)p(xy, 2),
which implies that

(s?+azs+azs?)
p(TZ, Z) S {(1—a15—32a4)

2 2 2
} p(x,, Tx,) + {M}p(xn,z).

(1—aqs—s2ay)

Since T is asymptotically T-regular, letting limit n — oo we get p(Tz,z) = 0i.e.Tz = z. Hence z is a fixed point of T.
Uniqueness: Let u be another fixed point such that z # u. Then,

p(z,u) = p(Tz,Tuw)
<a,p(z,Tz) + a,p(u, Tu) + azp(z, Tu) + a,p(u,Tz) + asp(z, u).
From the last inequality, we have (1 —a; —a, — as) p(z,u) = 0. Since a3 + a, + as < 1, therefore z = u,.
Next, we discuss the problem of the existence of a fixed point of an operator without using any contractive condition.
We shall first consider the situation in a metric space.

Theorem 3.2. Let (M,p) be a metric space, and T be a continuous self-mapping on M. If there exists an
asymptotically T-regular sequence {x,,} such that lim x,, = z, then z is a fixed point of T.
n—oo

Proof. Let us consider the inequality
p(Tz,z) < [p(Tz,Tx,) + p(Txy, 2)]
< p(Tz,Txy) + p(Txy, x5) + p(xn, 2).
Taking the limit as n — oo, we obtain p(Tz,z) < 0 giving thereby Tz = z.
Now, let us see the similar situation in a b-metric space.

Theorem 3.3. Let (M, p) be a b-metric space with the coefficient s > 1, and T be a self-mapping of M. If there exists
an asymptotically T-regular sequence {x,,} with lim x,, = z, then z is not necessarily a fixed point.

n—oco

Proof. Using the triangle inequality twice in a b-metric space, we obtain
p(Tz,z) < s[p(Tz,Txy) + p(Txy, 2)]
< sp(Tz,Tx,) + s%p(Tx,, x,) + s2p(xy, 2).
Taking the limit as n — oo, we obtain
(1-5)p(Tz,2) <0,
which is equivalent to the inequality
(s2=1Dp(Tz,2) =0,
which provides no definite information. Thus z may or may not be a fixed point of T.

50



THEOREMS ON FIXED POINTS FOR ASYMPTOTICALLY REGULAR SEQUENCE

Remarks 3.1.
1. Even if T is continuous in Theorem 3.3, we cannot get any information from it about the existence of a/ the
fixed point of T.
2. From Theorem 3.2 and Theorem 3.3, we notice yet another difference between the behavior of the two types
of metrics defined on a set.

Theorem 3.4. Let (M, p) be a complete b-metric space with the coefficient s > 1 and T be a self mapping of M
satisfying the inequality

p(Tx,Ty) < ayp(x,Tx) + azp(y, Ty) + asp(x,Ty) + a,p(y, Tx) + asp(x, y),
for all x,y € M, where a; (i = 1,2,3,4,5) are non-negative real numbers with max{(a,s + a,s?), (as + a, + ag)} <
1fors = 1. If T is asymptotically regular at some point x, € M, then there exists a unique fixed point of T.

Proof. Let T be an asymptotically regular mapping at x, € M. Considering the sequence {T"x,} and
m,n € N, we have
p(T™x0, T"x) < ayp(T™ x0, T™x0) + azp(T" 0, T"x,) + azp(T™ ', T"xo)
+a,p (T xo, T™x0) + asp(T™ "o, T x0)
< a,p(T™ %, T™x0) + azp(T" " x, T™x,)
+azsp(T™ 1xy, T™xg) + azsp(T™xy, T"x,)
+a,sp(T™ 1xy, T™x0) + +a,ps(T"xq, T™x)
+assp(T™ 1xy, T™xo) + ass?p(T™xy, T o) + ass?p(T™xy, T 1x,),
which implies that

2
p(T™x,, T"x,) < {M}pﬂm‘lxo, T™x,) + {m}p(T"'lxo,T"xo) .

1-(azs+ags+ass?) 1—(azs+ass+ass?)
Since T is asymptotically regular, as m,n — oo, the above inequality yields lim p(T™x,, T™x,) = 0. This shows
m,n—co

that {T™x,} is a Cauchy sequence. Since M is complete, lim T"x, = 0 = z forsome z € M.
n—oo

Next we will show that z is a fixed point of T.
Consider,
p(Tz,z) < sp(Tz,T™xy) + sp(T™x,, 2)
< a;5p(2,Tz) + asp(T™ 1xg, T"x) + azsp(z, T™x,)
+a,sp(T™ 1%, Tz) + agsp(z, T 1xy) + sp(T"xg, 2)
< a;5p(2,Tz) + asp(T™ txg, T"x) + azsp(z, T™x,)
+a,s2p(T™ 1xy, T xo) + ays?p(T™x,, TZ)
+ass?p(z, T"xy) + ass?p(T"xo, T" 1xo) + sp(T™xy, 2).
Letting the limit be n — oo and since {T™ x,} is a subsequence of {T™x,}, we obtain
p(Tz,z) < a;sp(z,Tz) + a,s?p(z,Tz)
which gives p(Tz,z) = 0 i.e. Tz = z. Hence z is a fixed point of T. The uniqueness of the fixed point follows from
Theorem 3.1.

Theorem 3.5. Let (M, p) be a complete b-metric space with coefficient s = 1 and T be a self mapping of M satisfying
the inequality

p(Tx, Ty) < a;p(x,Tx) + ap(y, Ty) + azp(x, Ty) + a,p(y, Tx) + asp(x,y),
for all x,y € M, where a; (i = 1,2,3,4,5) are non-negative real numbers with max{(a, + a3)s?, (a; + a;s + ass)} <
1 for s > 1. If T is asymptotically regular at some point x € M and the sequence {T"x} of iterates has a subsequence
{T™x} converging to a point z of M, then z is a unique fixed point of T and {T™x} also converges to z.
Proof. Let 111_{210 T™x = z, then

p(z,Tz) < sp(z, T™x) + s2p(T™x, T"*1x) + s2p(T™*1x, Tz)
< sp(z,T™%x) + s?2p(T™x, T™"*1x) + a;s%p(T™x, T™*1x) + a,s%p(z,Tz)
+azs?p(T™x,Tz) + a,s2p(z, T 1x) + ags?p(T™x, z).
Letting k — oo, we get
p(z,Tz) < (ay5* + azs*)p(z,Tz)
which gives z is a fixed point of T.
Now,
p(z,T"x) = p(Tz, T"x)
< a1p(z,Tz) + ap(T" x, T") + azp(z, T"x) + a,p(T™ 'x,Tz) + agp(z, T" 1x)
< a;1p(z,Tz) + ap(T" x, T"x) + azp(z, T"x)
+a,sp(T™ 1x, T"x) + a,sp(T"x, Tz)
+agsp(z, T"x) + agsp(T™x, T™ 1x)
which implies that
(1—a; —ass —ass)p(z, T™) < (a, + azs + ass)p(T™ 1x, T"x).

51



MOHAMMAD S. KHAN and PANKAJ K. JHADE

Since T is asymptotically regular at x € M and using the fact that max{(a, + as)s? (a; + ass + ags)} < 1fors >1
implies that the sequence {T™x} converges to z in M. This completes the proof.

Example 3.1. Let M =R and p: M x M - R * be defined by p(x,vy) = |x — y|?, where p > 1. Then (M, p) is a b-
metric space. Define a self map T on M as follows Tx = gfor all x € M. Clearly T is asymptotically regular for all x €

M. If wetake a; =a, =a; =a, =0and as = zip , then the contractive condition used here holds and 0 is the unique
fixed point of T.

Remark 3.2. The asymptotic regularity of the mapping T satisfies the Hardy-Roger’s contraction condition. It is
actually a consequence of :?_; a; < 1. Thus Theorem 3.3 and Theorem 3.4 extend results due to Hardy-Roger [1] in b-
metric space. It is also worth mentioning that our condition on control constants says that ¥'7_, a; may exceed 1.

4. Conclusion

It has been demonstrated that one can use asymptotically regular sequences rather than sequences of iterates to
obtain interesting results related to fixed point theorems in b-metric spaces.
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