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Abstract: This paper presents both theoretically and experimentally a new kind of a broadband vibration isolator.  It is a
table-like system formed by four parallel hybrid periodic rods connected between two plates. The rods consist of an assem-
bly of periodic cells, each cell being composed of a short rod and piezoelectric inserts. By actively controlling the piezoelec-
tric elements, it is shown that the periodic rods can efficiently attenuate the propagation of vibration from the upper plate to
the lower one within critical frequency bands and consequently minimize the effects of transmission of undesirable vibra-
tion and sound radiation. In such a system, longitudinal waves can propagate from the vibration source in the upper plate to
the lower one along the rods only within specific frequency bands called the "Pass Bands" and wave propagation is efficient-
ly attenuated within other frequency bands called the "Stop Bands".  The spectral width of these bands can be tuned accord-
ing to the nature of the external excitation. The theory governing the operation of this class of vibration isolator is present-
ed and their tunable filtering characteristics are demonstrated experimentally as functions of their design parameters.  This
concept can be employed in many applications to control the wave propagation and the force transmission of longitudinal
vibrations both in the spectral and spatial domains in an attempt to stop/attenuate the propagation of undesirable distur-
bances. 

Keywords: Pass Band, Stop band, Broadband  vibration isolator, Piezoelectricity, Vibration attenua-
tion, Wave propagation, Tunable filtering

Notation

A Cross-section area
b Width of piezo-insert
CD Elastic modulus
Dp Electrical displacement of the piezo-insert
E Young's modulus
Ep Electrical field intensity of the piezo-insert
F Force
FI Total interface force
fN Excitation harmonic force at the end of strut
Fp piezo-force
hp Piezo-coupling constant
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1.  Introduction

The periodic rods in the proposed mechanical filter act
as the transmission paths of the vibration from the upper
plate where the source of vibrations is located to the lower
plate. Therefore, a proper design of these rods is essential
to the attenuation of the vibratory energy and the noise
radiated into any structure connected to the lower plate. 

A periodic rod consists of an assembly of identical cells
connected in a repeating array which together form a 1-D
periodic structure. The study of periodic structures has a
long history. Wave propagation in periodic systems relat-
ed to crystals and optics has been investigated for approx-
imately 300 years.  Brillouin (1953) developed the theory
of periodic structures for solid state applications and then,
in the early seventies, the theory was extended to the
design of mechanical structures (Mead,  1970; Cremer, et
al. 1973).  Since then, the theory has been extensively
applied to a wide variety of structures such as spring-mass
systems Faulkne and Hong, 1985, periodic beams (Mead,
1970; Faulkner and Hong, 1985; Mead, 1971; Mead,
1971; Mead and Markus,  1983; Roy,  1986; Gupta,  1970;
Mead, 1986; Richards and Pines,  2003;  Mead,  1996),
stiffened plates (Gupta, 1970; Mead,  1986; Mead and
Yaman, 1991), ribbed shells (Mead, 1987) and space
structures. Examples of such structures are found in many

engineering applications. These include bulkheads, heli-
copter drive shafts (Richads and Pines,  2003), airplane
fuselages, vehicle engine mounting systems (Asiri,  2005),
and helicopter gearbox supporting systems (Asiri, et al.
2002).  Each such structure has a repeating set of stiffen-
ers which are placed at regular intervals.  Sackman,  et  al.
Sackman, et al. (1999) presented a layered notch filter
device that is limited only to high-frequency vibrations.
Such a filter which was developed theoretically based on
the Floquet theory is a periodically layered stack of two
alternating materials with widely different densities and
stiffnesses.

The work presented here is an experimental implemen-
tation of the work of  Baz  (2001) in which an active peri-
odic spring mass system is employed theoretically, in a
quasi-static manner, to control the wave propagation of
longitudinal vibration.  Periodic rods in passive mode of
operation exhibit unique dynamic characteristics that
make them act as mechanical filters for wave propagation.
As a result, waves can propagate along the periodic rods
only within specific frequency bands called the "Pass
Bands" and wave propagation is attenuated within other
frequency bands called the "Stop Bands". The spectral
width and location of these bands are fixed for a 1-D pas-
sive periodic structure, but are tunable in response to the
structural vibration for active periodic structures (Baz,

kpc Active piezo-stiffness due to the control gain K
kps Structural piezo-stiffness
Kd Dynamic stiffness matrix
Kg Control gain
Kij Appropriately partitioned matrices of the stiffness
Kp Total stiffness of the piezo-insert
L Element length
La Length of cell a
Lb Length of cell b
Mij Appropriately partitioned matrices of the mass
N Number of cells
Qp Electrical charge
Sp Strain of the piezo-insert
tp Thickness of piezo-insert
T Transfer matrix of the unit cell
Tk Transfer matrix of the kth cell
Tp Stress of the piezo-insert
u Longitudinal deflection
V Applied voltage
Y State vector = {uL FL}T

Yk Eigenvetor of transfer matrix of the unit cell
Yk Eigenvetor of the transpose of transfer matrix of the unit cell
α           Logarithmic decay of amplitude of state vector
β           Phase difference between the adjacent cells
εs               Electrical permittivity
λ           Eigenvalue of transfer matrix of the unit cell
ρ           Density
µ           Propagation Constant
ω           Excitation frequency
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2001;  Asiri, et al.   2004).  The shape memory alloy has
been used as a source of irregularities to attenuate the
wave propagation in periodic rods (Asiri,  et al.  2004).

The spectral finite element analysis and transfer matrix
method (Baz,  2001; Asiri,  et al.  2004; Ruzzene and Baz,
2000;  Baz,  2000) will be used to analyze the hybrid peri-
odic rod and determine the propagation parameter,
which indicates the regions of stop bands and pass bands.

This paper is organized in four sections.  In Section 1,
a brief introduction is given. Section 2 presents the theo-
retical background of the hybrid periodic rod and Section
3 demonstrates the performance characteristics of the tun-
able mechanical filter.  Comparisons between the theoret-
ical and experimental characteristics are also presented in
Section 3.  Section 4 summarizes the findings and the con-
clusions of the present study and also outlines  the direc-
tion for future research.

2.  System Modeling

2.1  Overview
In this section, the emphasis is placed on studying the

dynamics of the tunable mechanical filter in order to
demonstrate its unique filtering capabilities. The dynam-
ics of one-dimensional hybrid periodic rods in their active
and passive modes of operation are determined using the
transfer matrix method.   The basic characteristics of the
transfer matrices of periodic rods are presented and relat-
ed to the physics of wave propagation along these rods.
The methodologies for determining the pass and stop
bands as well as the propagation parameters are presented.

In this paper, the focus is placed on hybrid periodic rods
consisting of a straight rod with periodically placed piezo-
electric inserts as shown in Fig. 1.

2.2  Spectral Finite Element Method of the Rod
The first development of the spectral Finite Element

(SFE) method occurred in the early eighties (Patera,
1984). The main distinct between the SFE and Finite
Element (FE) stems from the type of the shape functions
used to approximate the model equations. In FE method,
the shape function is only a function of a spatial variable,
whereas in SFE the shape function has two independent
variables: the spatial variable (x) and the spectral variable
(ω). As a result, the SFE method is much more accurate
than FE method. For example, one can show that the exact
natural frequencies for a rod can be found by one element

using SFE method, whereas a large number of elements
needs to be used to get the same accuracy using the  FE
method.  Consider the rod shown in Fig. 2 

The equation of motion of the rod is given by:

(1)

where u is the longitudinal deflection, ρ is the density and
E  is Young's modulus.

Then, assuming a solution u(x,t) = U (x) eiωt, reduces
the equation of motion to:

(2)

Using  the following spectral shape function: U(x) =
Ae-ikx + Beiks, which is also a solution of  Eq. (1), yields
the spectral finite element description of the dynamics of
the rod.    This results in the following dynamic stiffness
matrix of the rod:

(3)

The corresponding Transfer Matrix [T] takes the fol-
lowing form:

(4)

where

(5)

2.3  Dynamics of the Hybrid Rod
Consider now the dynamics of the hybrid periodic rods

which consists of a passive sub-cell and an active piezo-
electric sub-cell as shown in Fig. 3. 

 
Piezoelectric inserts

Cell

Figure 1.  Typical example of hybrid periodic rod
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Figure 2.  Rod undergoing longitudinal vibrations
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2.3.1 Passive Sub-cell
As shown in Eq. (4), the dynamic characteristics of the

passive sub-cell (a) can be described as follows:

(6)

In a more compact form, Eq. (6) can be rewritten as:

(7)

where  is the transfer matrix of the passive sub-cell a. One
can show that the transfer matrix is a simplectic matrix
(Asiri,  et al.  2002).

2.3.2 Active Sub-cell
The constitutive equations of the active piezoelectric

insert are given by  Baz  (2001):

(8)

where Ep, Dp, Tp and Sp are the electrical field intensity,
electrical displacement, stress and strain of the piezo-
insert.  Moreover,  εS, hp and CD define the electrical per-
mittivity, piezo-coupling constant and elastic modulus.

Eq. (8) can be rewritten in terms of applied voltage Vp,
Interface piezo-force FI, electrical charge Qp and net
deflection (uR-uI) as follows:

(9)

where tp and b are the diameter and the length of the
piezo insert. 

Eliminating the charge Qp from Eq. (9) gives: 

(10)
Let the piezo-voltage Vp be generated according to the

following control law:

Vp = -Kg (uR-uI)                                                     (11)

where  Kg is the control gain which can be complex if
phase shift is allowed. Appropriate phase shift means that
the piezo-insert can act as a damper. 

Then, Eq (10) reduces to:

(12)

Eq. (12) can  be  used  to  generate  the  force   vector
{F1 FR}T acting on the piezo-insert rewritten as:

(13)
with kp = kpc+kps is the total stiffness of the piezo-insert
which is complex if the gain is complex by virtue of the
phase shift.

Hence, the dynamic equation of the active sub-cell is
given by:

(14)

Sub-cells                rod  a         piezo-insert b                       rod  a                              Piezo-insert  b 
 
  
                                                                     FL              FI  FI                          FR 
 
            
                                   La                     Lb                                                                 uL                                       uI                                      uI                 uR 

   
                                                                                             Left (L)                                      Interface (I)               Right (R) 
 

  (a) Complete cell   (b) passive sub-cell                      (c) – active sub-cell 

Figure 3.  Unit cell of the hybrid periodic rod
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Now, the state vectors at ends R and I of the passive
sub-cell b are related through the transfer matrix derived
from Eq. (14) as follows: 

(15)

In a more compact form, Eq. (15) can be rewritten as:

2.3.3 Dynamics of Entire Cell
The dynamics of the entire cell can be determined by

the assembly of the dynamic equations of the passive and
active sub-cells which are given by Eq. (3) and Eq. (15)
respectively.  This yields the following dynamic equa-
tions:

(16)

In a more compact form, Eq. (16) can be rewritten as:

(17)

where Y and [Tk] denote the state vector = {uL FL}T and
the transfer matrix of the k cells. 

For exactly periodic rods, [Tk] =  [T] and the eigenval-
ue problem of [T ] can be written as:

(18)

where λ is the eigenvalue of [T]
Combining Eq. (17) and (18) gives:

(19)

Indicating that  λ of the matrix [T] is the ratio between
the elements of the state vectors at two consecutive cells.
Hence, the magnitude of λ determine the nature of wave
dynamics in the periodic rod as follows:

A further explanation of the physical meaning of the
eigenvalue λ can be extracted by rewriting it as:

(20)

where µ is defined as the "Propagation Factor" which is a
complex number whose real part (α) represents the loga-
rithmic decay of  the  state  vector and its imaginary part
(β) defines the phase difference between the adjacent
cells. 

One can rewrite Eq. (19) as:

(21)

(22)

From Eq. (21) and Eq.(22), we get:

(23)

Eq. (19) indicates that:

Therefore, the equivalent conditions for the Pass and
the Stop bands can be written in terms of the propagation
constant parameters (α and β) as follows:

The propagation factor, µ, can be calculated directly
from the diagonal elements of overall transfer matrix as
following:

(24)

In case of a rod element, the transfer function has two
eigenvalues µ and 1/µ and according to the properties of

where d ijb
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Eq. (13). 
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the simplectic matrix (or transfer matrix), the trace is
equal to the summation of the eigenvalues. So one can
show that:

(25)

A better insight into the physical meaning of the eigen-
values µ and µ-1 can be gained by considering the follow-
ing transformation of the cell dynamics into the wave
mode component domain:

(26)

Substituting Eq. (26) into Eq. (25), it reduces to:

(27)

(28)

But, because of the particular nature of the eigenvalues
of [T] as they appear in pairs (µ, µ-1), then the above equa-
tion reduces to:

(29)

Eq. (29) can be expanded to give:

(30)

For the jth component of  w, we have:

(31)

3. System Performance

3.1  Overview
In order to demonstrate the feasibility of the theoreti-

cal concepts presented, experimental investigations are
conducted. These investigations were carried out on two
main steps. In the first step, the vibration attenuation char-
acteristics of the hybrid periodic rod with two actuators on
the shaker was studied and evaluated. In the second step,
the tunable mechanical filter is used to evaluate its per-
formance for attenuating the vibration transmission from
the vibration source, the motor, to the lower plate.

In the present study, the piezo actuators model 712A02
(see the index Table 1) from PCB piezotronics, Inc.
(Depew, NY) are used. The actuator shown in Fig.  5 has
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L L

n n
L L
L Lk k

w w
diag , ,..., ,

w w
λ λ λ λ−

+

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

1

1

0
0

r r
L L

L L
L Lk k

w w

w w

Λ
Λ−

+

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎡ ⎤ ⎪ ⎪=⎨ ⎬ ⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

where [ ] 1 1 1
1 2 1 2diag , ,.. ,and diag , ,.. .− − −⎡ ⎤Λ = λ λ Λ = λ λ⎣ ⎦  

 
1 1

1, and 
k k k k

r r L L
L L L Lw w w w

+ +

−= Λ = Λ

     It is clear from Eq. (31) that the eigenv alue jλ  is the 
ratio between the amplitude of the right -going waves 
whereas 1

jλ−  defines the ratio between the amplitude of 
the left-going waves.  Hence, if 

( ) ( ) ( )1 11 1j j j j,then and the pair of ,λ λ λ λ− −< >  and 

the pair of ( 1
j j,λ λ− ) denote attenuation of the 

amplitude of wave propagation from cell k to cell k+1.  
This can be clearly understood by considering  Fig. 5. 

     Note that the right -going wave ( r
L jk

w ) is attenuated 

by jλ  as it propagates from cell k to k+1 and the 

resulting wave (
1+

r
L jk

w ) has a lower amplitude as 

1
r r

jL Ljk jk
w wλ

+
= from the first part of Eq. (31).  The 

left-going wave (
1+

L
L jk

w ) is amplified by 1
jλ−  as it 

propagates from cell k+1 to cell k.  Hence, the left -
going wave (

1+

L
L jk

w ), at cell k+1, has a lower 

amplitude than that at k.  Accordingly, the amplitudes 
of both the right and left -going waves  ( r

L jk
w and 

L
L jk

w ) at the left end of cell k are higher than the right 

and left-going waves  (
1+

r
L jk

w and  
1j k

L
Lw

+
) at left end 

of cell k+1.   
     Therefore, if ( )j 1,λ < then the pair ( jλ , 1−

jλ ) define 

attenuation (or stop bands) along the wave propagation 
direction from cell k to cell k+1.   Also, if ( ) 1j ,λ = then 

the pair ( jλ , 1−
jλ ) define propagation without 

attenuation ( ie. pass bands).  

 
1 1

1, and 
j j j jk k k k

r r L L
L j L L j Lw w w wλ λ

+ +

−= =

and

or

drag
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two built-in side bolts so that the short aluminum rods can
be bolted from both sides.  Figure 6 shows the frequency
response characteristics of the actuator authority between
150-5000 Hz with a sensitivity of 0.015 pound/volt and a
peak excitation voltage of 100 Volts.

3.2  Experimental Facilities
Figure (7a) shows the dimensions of the hybrid period-

ic rod used to build the tunable mechanical filter. It con-
sists of three short aluminum rods  shown  (see for prop-
erties Table 2 in the appendix) bolted together by the actu-
ator as shown in Fig. (7b). The fundamental longitudinal
natural frequency of the periodic rod is 640 HZ. The fre-
quency response of such a rod is obtained both in its pas-
sive (open-loop) and active (closed-loop) modes of oper-
ation.

Two experimental test rigs have been employed in this
study to evaluate the performance of the tunable mechan-
ical filter. The first test rig aims at monitoring the vibra-
tion transmission characteristics of the hybrid rod alone as
influenced by geometrical and material discontinuities.
Figure 8 shows the details of the employed test facility.

The objective is to measure the transfer function
between the input excitation, the shaker, and the output
response of the tip of the rod. 

First, for the passive plain rod (ie. no periodicity and
open circuit), second, for the passive periodic rod (ie. with
periodicity and open circuit), and third, for the hybrid
periodic rod (ie. with periodicity and short circuit). The
phase shifter has been used to introduce a feedback signal
to the actuator to produce the destructive interference of
waves.  

The experimental setup shown in Fig.  9 was used to
demonstrate the feasibility of using the tunable mechani-
cal filter to isolate the vibrations induced by a motor. The
experiment  has been done for the three cases  described

in first test rig. Two phase shifters have been used to pro-
duce the negative feedback signals to the two actuators. 

             Attenuation 
 
       r

L jk
w       jλ                     

1
r
L jk

w
+

  Propagation  

        L        Cell k       R         L         Cell k+1      R 
       L

L jk
w       1

jλ−                    
1

L
L jk

w
+

    Direction 

       
              Amplification  
    

 
            High Amplitude   Low Amplitude  

 Figure 4.  Attenuation of right and left-going waves in the propagation direction

Figure 5.  Piezoelectric actuator PCB Piezotronic 
Model 712A02

Frequency 
Range, Hz 

 150 to 
5000 

Dynamic 
Performance 

Broadband 
Force (min), 
Ib/volt 

 0.004 

Clamped 
Force, Ib/volt  

 0.015 Static  
Performance 

Free 
Displacement, 
ì in/volt 

 2.56 

Environmental  Temperature, 
oF 

 -10 to 
+150 

Capacitance 
nF 

 65 

Resistance 
ohm (min) 

 1 x 107 

DC 
Excitation 

-125 to 
500  

AC 
Excitation  
(off 
resonance)  

± 100 

Electrical  

Input Voltage  
(max), Vpk 

AC 
Excitation 
(on 
resonance)  

±  80 

Weight, oz   1.27 
Height 0.4 Size, in  
Diameter 2.0 

Electrical 
connector 

 BNC 
Plug 

Mounting 
Thread 

 10-32 
Male 

Housing 
Material 

 Titanium 

Mechanical  

Sealing Type   Welded 
Hermetic 

Table 1.  The main geometrical and performance 
parameters of the actuators

Material Aluminum 
Density 2700 kg/m2 
Modulus of Elasticity  71 GPa 
Wave Speed 5128 m/s 

Table 2.  Material properties of the aluminum rods
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Figure 6.  The frequency response characteristics of the actuator authority
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Figure 7.  Geometrical parameters of the hybrid rod
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3.3  Experimental Results

3.3.1  Single Hybrid Rod

In all the reported results, the hybrid periodic rod has
provided a viable means for extending the width of the
stop band between 0-4000 Hz. Also, attenuations of more
than 20 dB are obtained with control voltages less than 5
volts as shown in Fig. 11 for the two control actuators.
Note that frequency range higher than 4000 Hz was not
considered because of the limitation imposed by the actu-
ator bandwidth.   Figure 12 displays the lateral vibration
distribution over plain, passive periodic, and hybrid peri-
odic rods at four different frequencies using the PSV-200
scanning laser vibrometer. Figure 12 shows that the later-
al vibration transmission is attenuated also in addition to
the longitudinal waves whenever the frequencies lie inside
the stop band with the hybrid periodic rod out-performing
the plain and the passive periodic rods. 

3.3.2  The Table-like System
Figure 13 shows the transfer function of the tunable

mechanical filter with plain, passive periodic, and hybrid
periodic rods when it is subjected to broad band excita-
tions from vibration source, the motor. The excitation
from the motor can be considered as a random excitation
and the geometrical information of the configuration of
rods is the same as shown in Fig. 7.  The periodic rods in
active mode are very efficient in the low frequency range
while in the high frequency range they have the same effi-

Figure 9.  Experimental setup used to demonstrate the feasibility of using the table-like to
isolate the vibrations induced by the motor

     Figure 10a  shows the magnitude of the transfer 
functions of plain, passive periodic, and hybrid periodic 
rods when they are subjected to random excitation in 
the axial direction. These transfer functions quantify the 
response of the free end of the ro ds to input excitations 
at the other end of the rods. Figure  10a indicates clearly 
that the passive periodic rod exhibits experimentally a 
broad stop band between 650 -4000 Hz whereby the 
vibration transmission through the rod is almo st 
eliminated.  Further more, Fig. 10a  indicates that the 
hybrid rod provides an effective means for attenuating 
the vibration transmission over a very broad frequency 
range.  It is particularly effective for stopping the low 
frequency vibration in the range below 600 Hz where 
the passive periodic rod has been ineffective. This 
result is particularly important in using a hybrid rod that 
combines both the passive and active strategies to stop 
high as well as low frequency wave propagation. Figure 
10b shows that the widths of the st op bands can be 
clearly predicted theoretically by plotting the real part 
α  of the propagation parameter µ . For values of α  
≠ 0, the stop bands can be cle arly identified and match 
closely the experimental results for both the passive and 
hybrid rods.  
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ciency of the passive mode. That is why the blue and
green lines in Fig. 13 have the same trend above 1500 Hz.
The corresponding control voltage of the upper control
actuators is shown in Fig. 14. 

4.  Conclusions

This paper has presented the tunable mechanical filter
as a new tool for isolating vibrations. It consists of four

Figure 10.  The transfer functions of the plain, passive periodic, and hybrid periodic rods with
the propagation factor in both passive and active modes

1 

1 

10-2

10-4

10-1

10-2

10-3

10-4

Figure 11.  The control voltage of  (a) the lower actuator, and (b) the upper actuator

(a)

(b)
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(a)

(b)

(c)

Figure 12.  The vibration of plain, passive periodic and hybrid periodic rods at:
(a) 160 Hz (in pass band),
(b) 800 Hz (in stop band), and
(c) 1520 Hz (in stop band)

At 160 Hz

At 800 Hz

At 1520 Hz
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hybrid periodic rods installed between two plates. The
theory governing the operation of this class of rods has
been presented.  The factors governing the design of effec-
tive periodic rods have been identified.  The performance
characteristics of passive and hybrid periodic rods alone
have been measured experimentally and compared with
the theoretical predictions of the real part of the propaga-
tion factor.  Close agreement between theoretical predic-
tions and experimental results has been achieved.  The
performance of the tunable mechanical filter with a motor
assembly has also been monitored experimentally.  The
predictions of the stop bands have also been found to be
in close agreement with the experimental results.  The
periodic rods in active mode are very efficient in the low
frequency range while in the high frequency range they

have the same efficiency of the passive mode.  As a result,
the mechanical filter with hybrid periodic rods is found to
be more effective in attenuating the transmission of vibra-
tions  from the source of vibrations to the lower plate over
a broader frequency range extending from 150-4000 Hz
with control voltages not exceeding 5 volts.  

This concept of the tunable mechanical filter can be
implemented efficiently in many applications. For instant,
the gearbox support system of helicopter and automotive
vehicle engine mounting systems. With such unique filter-
ing characteristics, it would be possible to control the
wave propagation both in the spectral/spatial domains in
an attempt to stop/confine the propagation of undesirable
disturbances.

Figure 13.  The transfer function in case of collocated sensor/actuator arrangement with
broadband excitation from the motor
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